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F a c t o r s  A f f e c t i n g  Reattachment o f  Supe r son ic  Flows - 

NOTATION 
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r a t i o  o f  t h e  s p e c i f i c  h e a t s  o f  t h e  f l u i d  unde r  
c o n s i d e r a t i o n  
mixing parameter  ( s e e  page 12)  
r e c t a n g u l a r  c o o r d i n a t e  sys tem f o r  p o i n t s  i n  t h e  
p h y s i c a l  p l a n e ,  o r i e n t a t e d  so  t h a t  t h e z - a x i s  
c o i n c i d e s  w i t h  t h e  t h e o r e t i c a l  boundary o f  t h e  
j e t  e x h a u s t i n g  i n t o  a p e r f e c t  f l u i d  
l o c a l  c o o r d i n a t e  sys tem l i n k e d  d i r e c t l y  t o  t h e  
l o c a l  v e l o c i t y  p r o f i l e  
c u r v i l i n e a r  c o o r d i n a t e  sys tem f o r  p o i n t s  i n  t h e  
p h y s i c a l  p l a n e  based on t h e  families o f  Mach l i n e s  
p h y s i c a l  t h i c k n e s s  of  t h e  boundary l a y e r  
d i ame te r  of  t h e  a f t e r b o d y  of a c o n f i g u r a t i o n  
h e i g h t  of separa ted- f low r e g i o n ,  o r  r a d i u s  of t h e  
b l u n t  -ended body 
r a d i u s  o f  c u r v a t u r e  of t h e  l e a d i n g  edge  
p o s i t i o n  parameter  ( s e e  page 9)  

c = Y/6 reduced normal c o o r d i n a t e  

77 = 5.71, reduced p o s i t i o n  c o o r d i n a t e  

s 

e p i c y c l o i d a l  c o o r d i n a t e s  a p p l i c a b l e  i n  t h e  hodograph 
p l a n e  
a n g l e  t h a t  t h e  v e l o c i t y  v e c t o r  makes w i t h  a r e f e r e n c e  
d i r e c t i o n  s e l e c t e d  i n  t h e  p h y s i c a l  p l a n e  
r ea t t achmen t  angle  ( s e e  F i g u r e  1 )  
a n g l e  of a t t a c k  o f  a f l a t  p l a t e  ( s e e  page 61) 

Mach a n g l e  ( s i n  a = l / M ) .  

c u r v a t u r e  of  a s t r e a m l i n e  
local v e l o c i t y  
h y p o t h e t i c a l  v e l o c i t y  ( s e e  Eq. 4' on page 14 )  
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reduced v e l o c i t y ,  cp = u/ul 
reduced v e l o c i t y  o c c u r r i n g  on t h e  d i s c r i m i n a t i n g  
s t r e a m l i n e  
speed  o f  sound 
l i m i t i n g  v e l o c i t y  o f  t h e  f low,  w l = , / T l  ai ,  

when expanded t o  a vacuum 
Mach number 
Prandtl-Meyer p r e s s u r e  f u n c t i o n  ( s e e  page 21) 
areal  v a r i a t i o n ,  as a f u n c t i o n  o f  Mach number, f o r  
a s t r eamtube  s u b j e c t e d  t o  i s e n t r o p i c  f l o w  p r o c e s s e s  
p r e s s u r e  
d e n s i t y  
t empera tu re  
t empera tu re  p r o f i l e  d e s c r i b e d  on page 3 
e n t h a l p y  
e n t r o p y  
reduced  en t ropy ,  s = S/)-R 

e n t r o p y  g r a d i e n t  t a k e n  i n  a d i r e c t i o n  l y i n g  normal 
t o  a s t r e a m l i n e  
t a n g e n t i a l  g r a d i e n t  of t h e  p r e s s u r e  a l o n g  a stream- 
l i n e  (see 
mass f l o w  
m a s s  f l o w  

momentum 
momentum 

c o e f f i c i e n t ,  C = q/(plulh) 

exchange 
q 

exchange c o e f f i c i e n t ,  C = 2J/(plulh) 2 
I-I 

c o e f f i c i e n t  s i g n a l i n g  t h e  i n f l u e n c e  o f  s t r e a m l i n e  
c u r v a t u r e  (A i n d i c a t e s  t h e  c u r v a t u r e  c o e f f i c i e n t  i n  

P 
p l a n e  two-dimensional f l o w  
c o e f f i c i e n t  f o r  a x i a l l y  symmetric f low)  
a c t u a l  t h i c k n e s s  of t h e  momentum boundary l a y e r  
d i sp lacement  t h i c k n e s s  o f  t h e  boundary l a y e r  
d i sp lacement  t h i c k n e s s  o f  t h e  boundary l a y e r  i n  
incompress ib l e  f l o w  (see page 47) 

momentum t h i c k n e s s  o f  t h e  boundary l a y e r  

i n d i c a t e s  t h e  c u r v a t u r e  
jAr 
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refers t o  t h e  und i s tu rbed  flow f a r  ups t r eam from 
any obstacle 
r e f e r s  t o  t h e  s ta te  o f  t h e  flow which is a t t a i n e d  
j u s t  ahead of t h e  blunt-ended b a s e  o f  t h e  body 
abou t  which an  expansion is t o  t a k e  place 
r e f e r s  t o  t h e  i n v i s c i d  and c o n s t a n t  p r e s s u r e  r e g i o n  
of t h e  f l o w  which is presumed t o  e x i s t  o u t s i d e  of 
t h e  m i x i n g  zone downstream o f  t h e  expans ion  c o r n e r  
refers t o  t h e  s ta te  of t h e  flow a t t a i n e d  downstream 
of t h e  rea t tachment  p o i n t  
re la tes  t o  c o n d i t i o n s  o b t a i n e d  by b r i n g i n g  t h e  flow 
t o  a s t o p  i s e n t r o p i c a l l y  
i n d i c a t e s  a j e t  boundary 
i n d i c a t e s  t h e  d i s c r i m i n a t i n g  s t r e a m l i n e  f o r  t h e  
r ea t t achmen t  flow 
d e n o t e s  a s t r e a m l i n e  s e r v i n g  a s  a r e f e r e n c e  boundary 
d e n o t e s  any a r b i t r a r y  g e n e r a l  s t r e a m l i n e  i n  t h e  flow 
refers t o  p r e s s u r e  e x i s t i n g  on t h e  base of t h e  body; 
i . e . ,  

a b a r r e d  symbol s i g n i f i e s  t h a t  i t  p e r t a i n s  t o  t h e  
r e f e r e n c e  i d e a l  c o n f i g u r a t i o n ;  i . e . ,  t h e  boundary 
l a y e r  is assumed t o  be p r a c t i c a l l y  non-ex i s t en t  

PC 



SUMMARY 

The t h e o r e t i c a l  r e s u l t s  are f irst  reviewed t h a t  p e r t a i n  
t o  p r e d i c t i o n  o f  b a s e  p r e s s u r e s ,  as o b t a i n e d  by s e v e r a l  a u t h o r s  

k , g .  A l i n e a r i z e d  method i s  t h e n  p r e s e n t e d  for c a l c u l a t i o n  o f  
t h e  i n f l u e n c e  e x e r t e d  by the  s e v e r a l  c o n t r i b u t i n g  f a c t o r s  upon 
t h e  c o n d i t i o n s  found a t  r ea t t achmen t .  I n  p a r t i c u l a r  i t  h a s  been 
found p o s s i b l e  t o  deduce a ve ry  s imple  r e l a t i o n  l i n k i n g  t h e  

e f f e c t  of  a boundary l a y e r  upon t h e  r e a t t a c h m e n t  w i t h  t h e  i n f l u e n c e  
o f  a j e t  i n j e c t e d  i n t o  t h e  dead-water region. 

A c a l c u l a t i o n a l  procedure  is t h e n  recommended f o r  de- 
t e r m i n a t i o n  of t h e  i n f l u e n c e  t h a t  c e r t a i n  pa rame te r s  have i n  
s h a p i n g  t h e  curved  j e t  boundary. T h i s  method is e s p e c i a l l y  s u i t -  
a b l e  t o  t h e  s t u d y  of  reattachment i n  cases where a c i r c u l a r  j e t  
o f  n o t  j u s t  t h e  o r d i n a r y  t y p e  is t o  be treated ( i . e . ,  where e n t r o p y  
n o n - u n i f o r m i t i e s  are t o  be accounted for, or where t h e  rear  end of 
t h e  body is curved  a p p r e c i a b l y ) .  

I .  INTRODUCTION 

I n  F igu re  1 a schemat ic  model o f  s u p e r s o n i c  flow ex- 
p e r i e n c i n g  r ea t t achmen t  is  i l l u s t r a t e d ,  f o r  t h e  case o f  a p l a n e  
two-dimensional c o n f i g u r a t i o n  i n  o r d e r  t o  make t h e  c o n c e p t s  most 
p r e c i s e .  T h i s  way of r e p r e s e n t i n g  and d i s c u s s i n g  t h e  phenomenon 
a s s o c i a t e d  w i t h  rea t tachment  of a s u p e r s o n i c  stream seems most 
d i r e c t  and unequivoca l  for p r e s e n t  pu rposes .  The stream s e p a r a t e s  
from t h e  rearward  f a c i n g  s t e p  a t  p o i n t  B and r e a t t a c h e s  i t s e l f  t o  
t h e  w a l l  a t  p o i n t  R .  I n  b r i d g i n g  t h i s  hol low,  t h e r e f o r e ,  t h e  
e n e r g e t i c  f l o w  h a s  imprisoned a dead-water r e g i o n  composed of v e r y  
feeble r e c i r c u l a t i n g  c u r r e n t s ,  having  a r e l a t i v e l y  low s p e e d ,  i n  
comparison t o  t h e  ave rage  un re t a rded  speed  r e p r e s e n t a t i v e  o f  t h e  
p a s s i n g  e n e r g e t i c  f low.  
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Exper imenta l  r e s e a r c h  on t h e s e  m a t t e r s  d e m o n s t r a t e s  t h a t  
a l o n g  t h e  p a t h  B t o  C t h e  f low nex t  t o  t h e  dead-water r e g i o n  e x p e r i -  
e n c e s  p r a c t i c a l l y  no p r e s s u r e  g r a d i e n t  ( t h e  f low is i s o b a r i c )  w h i l e  
t h e  s e q u e n t i a l  laminae or f l u i d  l a y e r s  l y i n g  n e a r  t o  t h e  boundary 
between t h e  s e p a r a t e d  flow and t h e  dead-water r e g i o n  resemble a j e t  
i n  which t h e  speed  v a r i e s  r a p i d l y  and c o n t i n u o u s l y  a s  one makes a 
t r a v e r s e  i n  a d i r e c t i o n  normal t o  t h e  j e t  f low l i n e s .  T h i s  r e g i o n  
of r a p i d  change i n  s t r eam v e l o c i t y  is c a l l e d  t h e  "mixing zone" 
because  under  t h e  i n f l u e n c e  of v i s c o s i t y  v a r i o u s  t r a n s p o r t  p r o c e s s e s  

t a k e  p l a c e  between t h e  e x t e r n a l  e n e r g e t i c  s t r e a m  and t h e  i n n e r  dead- 
w a t e r  f l o w .  I n  t h i s  manner n o t  on ly  is momentum t r a n s f e r r e d  from 
one l a y e r  t o  t h e  nex t  b u t  even conduct ion  and d i f f u s i o n  phenomena 
a r e  brought  i n t o  p l a y .  

* 
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In  consequence,  t h e  c h a r a c t e r  of  t h e  f low a t  t h e  t i m e  
t h a t  t h e  r ea t t achmen t  starts t o  take p l a c e  a t  p o i n t  C may b e  
d e s i g n a t e d  by t w o  q u a n t i t i e s :  one is t h e  mean d i r e c t i o n  of t h e  
approaching  flow which makes t h e  a n g l e  Y w i t h  t h e  f i n a l  d i r e c t i o n  
assumed a f t e r  r e a t t a c h m e n t ,  and  t h e  second is t h e  l o c a l  d i s t r i b u -  
t i o n  o f  v e l o c i t i e s  and d e n s i t i e s  ( o r  t empera tu res )  i n  t h e  mixing 
r e g i o n ,  which are r e p r e s e n t e d  symbol i ca l ly  by t h e  r e l a t i o n s  

On c l o s e r  examinat ion of t h e  flow f i e l d  i t  w i l l  b e  
observed  t h a t  t h e r e  is one p a r t i c u l a r  s t r e a m l i n e  ( 4 , )  which l e a d s  
t o  t h e  s t a g n a t i o n  p o i n t  R. This d i s c r i m i n a t i n g  s t r e a m l i n e  is so 
s i t u a t e d  t h a t  a l l  s t r e a m l i n e s  which l i e  inboard  of (& ) ,  i . e . ,  f o r  
y <  yd,, w i l l ,  o f  n e c e s s i t y ,  be tu rned  back i n t o  t h e  dead-water zone 
as  t h e  f low approaches  t h e  p o i n t  R ,  w h i l e  a l l  t h e  s t r e a m l i n e s  which 
l i e  ou tboa rd  o f  (&) ,  i . e . ,  f o r  y > y 4 , ,  w i l l  f i n d  t h e i r  way on down- 
stream p a s t  t h e  p o i n t  R .  

If no s u c t i o n  or  blowing is p e r m i t t e d  t o  d i s t u r b  t h e  
s t r e a m l i n e  p a t t e r n  i n  t h e  dead-water r e g i o n  i t  is q u i t e  clear t h a t  
t h e  d i s c r i m i n a t i n g  s t r e a m l i n e  ( 4 )  w i l l  c o i n c i d e  w i t h  t h e  j e t  stream- 
l i n e  ( j )  which i s s u e s  from t h e  c o r n e r  B.  I f ,  however, a c e r t a i n  
s t e a d y  stream of  f l u i d  is i n j e c t e d  i n t o  t h e  dead-water zone ,  t h e n  
a s t e a d y  exchange of flow w i l l  take p l a c e  so t h a t  an  e q u a l  q u a n t i t y  
o f  f l u i d  t o  t h a t  i n t r o d u c e d  upstream w i l l  e s c a p e  downstream a t  
t h e  l o c a t i o n  R. In  t h i s  i n s t a n c e  t h e  d i s c r i m i n a t i n g  s t r e a m l i n e  
(t) w i l l  be  s i t u a t e d  inboa rd  of t h e  j e t  boundary j .  In  t h e  
o p p o s i t e  case, when s u c t i o n  is a p p l i e d  i n  t h e  dead-water zone ,  
t h e  amount o f  f l u i d  which is withdrawn from t h e  dead-water  r e g i o n  
h a s  t o  be compensated f o r  by skimming o f f  an  e q u i v a l e n t  amount o f  
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f l u i d  from the  ou tboa rd  flow. Thus, i n  t h i s  i n s t a n c e  t h e  d i s -  
c r i m i n a t i n g  s t r e a m l i n e  must l i e  f a r t h e r  o u t b o a r d  t h a n  t h e  j e t  
boundary, j. See Figure  2. 

I 
I c < o  

--. 
' / .  

Blowing 

F igure  2 

D i s c r i m i n a t i n g  S t r e a m l i n e s  f o r  Base Flows w i t h  D i f f e r e n t  Types 
of Pen t  i l a  t i o n  

A number o f  a u t h o r s  have made use  o f  t h e  assumpt ion ,  
c a l l e d  t h e  "capture"  hypo thes i s ,  which p remises  t h a t  t h e  s t a g n a t i o n  
p r e s s u r e  (which r e s u l t s  i f  t h e  f low is brought  t o  rest i s e n t r o p i -  
c a l l y ) ,  a s s o c i a t e d  w i t h  t h e  d i s c r i m i n a t i n g  s t r e a m l i n e  ( 4 )  a s  a 
r e s u l t  of  t h e  mixing p rocesses  which a r e  t a k i n g  p l a c e  i n  t h e  sepa-  
r a t e d  f low,  must be s e t  equal  t o  t h e  p r e s s u r e  p2 which is a t t a i n e d  
by t h e  e x t e r n a l  f low a f t e r  i t  h a s  undergone a d e f l e c t i o n  through 
t h e  a n g l e  Y .  T h i s  hypo thes i s ,  a l t hough  s t r i c t l y  t r u e  o n l y  for  a 
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r a t h e r  i d e a l i z e d  and s i m p l i f i e d  v e r s i o n  o f  t h e  r e a t t a c h i n g  f low,  
n e v e r t h e l e s s ,  h a s  t h e  advantage of e s t a b l i s h i n g  a working r e l a t i o n  
between t h e  flow pa rame te r s  Y ,  

confirmed by p r a c t i c a l  exper ience  i n  t h e  case of  two-dimensional 
p l a n e  f l o w s ,  s ave  f o r  some c a u t i o n a r y  a s i d e s  which must be  obse rved .  

, and cp , which seems t o  be  
4, 

T h i s  h y p o t h e s i s  is t h e  founda t ion  upon which t h e  t r e a t m e n t  
d i s c u s s e d  h e r e  is t o  be  b u i l t .  

The e s s e n t i a l  factors which govern w h a t  t h e  c o n d i t i o n s  
o f  t h e  flow s h a l l  be  a t  rea t tachment  are,  t h u s ,  i n  view o f  what 
h a s  j u s t  been s a i d ,  t h e  fo l lowing:  

( a )  t h e  i n t e r n a l  fundamental  f a c t o r s  d e s c r i b i n g  t h e  l o c a l  b e h a v i o r  
o f  t h e  flow which ref lect  t h e  t y p e  and e x t e n t  of mixing t h a t  
h a s  o c c u r r e d ,  a s  s p e c i f i e d  th rough  means of  t h e  q u a n t i t i e s  
Q and 8 ,  or which produce a change i n  p o s i t i o n  of t h e  d i v i d i n g  
s t r e a m l i n e ,  a s  r e s u l t  of blowing or suck ing .  

(b)  t h e  e x t e r n a l  factors  which act  t o  change t h e  c u r v a t u r e  of  t h e  
j e t - l i k e  flow i s s u i n g  from o f f  t h e  s h o u l d e r  of  t h e  b a s e  d u r i n g  
t h e  whole p e r i o d  when mixing  is t a k i n g  p l a c e .  That  is t o  s a y ,  
t h e  f a c t o r s  i n  q u e s t i o n  a c t  t o  c o n t r o l  t h e  d i r e c t i o n  t h a t  t h e  
j e t  f l o w  a c q u i r e s  j u s t  b e f o r e  t h e  moment of  r e a t t a c h m e n t .  

The most e a s i l y  analyzed s i t u a t i o n  which obeys  t h e  s t i p u -  
l a t i o n s  r e s u l t i n g  i n  a flow such a s  t h e  one shown i n  F i g u r e  1 is 
t h e  case of a uni form two-dimensional p l a n e  f low,  for which t h e  
ups t ream Mach number is Mo and t h e  s t a t i c  p r e s s u r e  is po ahead o f  
t h e  s t e p ,  and which, above a l l ,  a d m i t s  o f  p r a c t i c a l l y  no boundary 
l a y e r  t h i c k n e s s  i n  comparison w i t h  t h e  h e i g h t  h of  t h e  rearward  
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f a c i n g  s t e p  a t  t h e  p o i n t  B o  A t  t h i s  c o r n e r  t h e  p r e v i o u s l y  und i s -  
t u r b e d  flow becomes de tached  and undergoes a change of d i r e c t i o n  
o f  amount $,. Because o f  t h i s  a n g u l a r  d e v i a t i o n ,  t h e  e x t e r n a l  
i n v i s c i d  flow t a k e s  on new va lues ,  M1 and p l ,  f o r  i ts l o c a l  Mach 
number and p r e s s u r e  a f t e r  n e g o t i a t i n g  t h e  t u r n .  Along t h e  e n t i r e  
s t r e t c h  of  t h e  i s o b a r i c  zone BC t h e  d i r e c t i o n  of t h i s  e x t e r n a l  
i n v i s c i d  flow remains  f i x e d  a t  t h e  a n g l e  Jr  1" 

Thanks t o  t h e  s t i p u l a t i o n  o f  t h e  "escape" h y p o t h e s i s  
t h e  subsequent  a n g u l a r  d e f l e c t i o n ,  Y(M1), expe r i enced  by t h e  f low 
a t  t h e  r ea t t achmen t  p o i n t  can  be de te rmined  by having  r e c o u r s e  t o  
r e s u l t s  deduced from a n a l y s i s  of t h e  mixing p r o c e s s e s  invo lved .  
Consequent ly ,  i f  t h e  v a l u e  of M1 is known, t h e n  one may o b t a i n  t h e  
a n g l e  o f  t h e  w a l l  a l o n g  which t h e  flow c o u r s e s  a f t e r  r e a t t a c h m e n t ,  

as  a n  inc remen ta l  d e f l e c t i o n  from t h e  d i r e c t i o n  o f  t h e  ups t ream 
f l o w .  Expressed a n a l y t i c a l l y ,  t h i s  r e l a t i o n s h i p  between t h e  f low 
d i r e c t i o n s  may be w r i t t e n  as 

C o n t r a r i w i s e ,  i f  t h e  f i n a l  d i r e c t i o n  Jr2 is s p e c i f i e d  
( t h e  o r i e n t a t i o n  o f  t h e  downstream w a l l  t o  which t h e  stream re- 
a t t a c h e s  is g iven)  t h e  above-wr i t ten  e x p r e s s i o n  s e r v e s  t o  de te rmine  
t h e  v a l u e  of $(M1), and ,  consequen t ly ,  t h e  p r e s s u r e  i n  t h e  i n v i s c i d  
f low downstream o f  t h e  t u r n  executed a t  t h e  c o r n e r  B may be found. 

T h i s  v e r y  e l e m e n t a r y  f low c o n f i g u r a t i o n  h a s  a l r e a d y  
r e c e i v e d  t h e  c a r e f u l  a t t e n t i o n  o f  a number of  competent workers  i n  
t h e  f i e l d ,  and,  t h u s ,  t h i s  s i m p l e  case may b e  used  as  a b a s i c  
r e f e r e n c e  c o n f i g u r a t i o n .  When more compl i ca t ed  cases come under  
examinat ion  i n  subsequent  developments i n  which c e r t a i n  p e r t u r b a t i n g  
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e lemen t s  are a l lowed t o  i n t r u d e ,  i t  w i l l  b e  most i l l u m i n a t i n g  t o  
d i s c u s s  and compare t h e s e  l ess  i d e a l i z e d  s i t u a t i o n s  w i t h  t h e  f low 
p a t t e r n  o b t a i n e d  i n  this b a s i c  model or r e f e r e n c e  example.  

In  i l l u s t r a t i o n  o f  what is meant by a n  i n t e r n a l  funda- 
menta l  f a c t o r  i n f l u e n c i n g  t h e  r ea t t achmen t ,  t h e  s t a t e  and e x t e n t  
of  t h e  boundary l a y e r  a t  t h e  co rne r  B may be  c i t e d .  I t  w i l l  be  
shown how a t h i n  t u r b u l e n t  boundary l a y e r 9  t h a t  is n o t  n e g l i g i b l y  
thin i n  comparison t o  t h e  s t e p - h e i g h t  h ,  w i l l  e x e r t  i t s  i n f l u e n c e  
upon t h e  r ea t t achmen t  phenomena. L i k e w i s e ,  t h e  impor tance  o f  a 
t empera tu re  v a r i a t i o n  i n  t h e  "dead-water" r e g i o n  w i l l  be  d i s c u s s e d  
on t h e o r e t i c a l  grounds.  

In  a d d i t i o n ,  it w i l l  be demonst ra ted  t h a t  a s imple  d i r e c t  
r e l a t i o n  e x i s t s  between t h e  e f f e c t s  o f  blowing and t h e  p r e s e n c e  of 
a non-neg l ig ib ly  t h i n  boundary l a y e r ,  

The t h e o r e t i c a l  a n a l y s i s  of  t h e  e f f e c t s  produced by t h e s e  
i n t e r n a l  fundamental  f a c t o r s  w i l l  b e  suppor t ed  by a c o l l e c t i o n  o f  
p e r z i n e n t  expe r imen ta l  d a t a .  

In  t h e  second p a r t  of t h i s  i n v e s t i g a t i o n ,  t h e  i n f l u e n c e  
on t h e  r ea t t achmen t  of so -ca l l ed  " c u r v a t u r e  f a c t o r s "  w i l l  b e  
examined. I t  w i l l  be  shown how, t h e o r e t i c a l l y ,  t h e  r e s u l t s  o b t a i n e d  
i n  t h e  f i r s t  p a r t  of t h e  pape r  for t h e  case of  two-dimensional 
p l a n e  f low may be  ex tended  t o  apply t o  cases where t h e  approaching  
stream is p e r t u r b e d  from t h e  two-dimensional p a t t e r n  by c e r t a i n  
" c u r v a t u r e  factors",  which may a r i s e  because  e i t h e r :  

(1 )  t h e  forebody from which the  flow s e p a r a t e s  is a body of  
r e v o l u t i o n ,  or 
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( 2 )  t h e  upstream f low is n o t  uniform b u t ,  b e f o r e  s e p a r a t i o n ,  i t  
h a s  been s u b j e c t e d  t o  some form o f  p e r t u r b a t i o n  caused  by 
such  t h i n g s  as a curved  s u r f a c e  on t h e  forebody,  t h e  p r e s e n c e  
o f  e n t r o p y  g r a d i e n t s ,  or t h e  p e r s i s t e n t  e f fec ts  of p r e s s u r e  
g r a d i e n t s .  

The r e s u l t s  of t h e  t h e o r e t i c a l  d e r i v a t i o n s  w i l l  b e  com- 
pa red  w i t h  o b s e r v a t i o n s  made from a p p r o p r i a t e  expe r imen t s .  

Even though t h e  p r a c t i c a l  s i t u a t i o n s  t r e a t e d  h e r e i n  and 
t h e  ana logous  expe r imen ta l  v e r i f i c a t i o n s  have been l i m i t e d  t o  t h e  
case o f  t u r b u l e n t  f l ows ,  i t  i s  q u i t e  e v i d e n t  t h a t  one may c o n v e r t  
t h e  t r e a t m e n t  p r e s e n t e d ,  wi thout  any e s s e n t i a l  d i f f i c u l t y ,  t o  
a p p l y  e q u a l l y  w e l l  when t h e  boundary l a y e r  is l a m i n a r .  

I t  is e q u a l l y  obvious t h a t  a l l  t h e  r e s u l t s  d i s c u s s e d  i n  
t h i s  p a p e r  are d i r e c t l y  a p p l i c a b l e  t o  t h e  problem of d e t e r m i n i n g  
b a s e  p r e s s u r e s  under  s imi l a r  c i r cums tances .  

11. THEORETICAL AND EXPERIMENTAL INVESTIGATION OF THE 
INTERNAL FUNDAMENTAL FACTORS INVOLVED I N  REATTACHMENT 

F i r s t  of a11 t h e  Korst t h e o r y  w i l l  b e  r e c a p i t u l a t e d  and 
g e n e r a l i z e d ,  and t h e n  t h e  rea t tachment -angle  h y p o t h e s i s  w i l l  b e  
i n t r o d u c e d .  These c o n c e p t s  are t h e n  t o  be a p p l i e d  t o  t h e  basic 
r e f e r e n c e  c o n f i g u r a t i o n .  Af t e r  examining t h i s  p r i m i t i v e  s i t u a t i o n  
i t  is t h e n  shown how t h e  i n t r o d u c t i o n  o f  v a r i o u s  p e r t u r b i n g  
f ac to r s  a f f e c t s t h e  r e s u l t s .  I t  is observed  t h a t  such  p e r t u r b a t i o n s  
can  a f f e c t  t h e  c o n d i t i o n s  under which t h e  mixing zone i s f o r m e d  and 
deve loped ,  so  t h a t ,  i n  t u r n ,  t h e  modi f ied  mixing p r o c e s s e s  can  
a l t e r  t h e  way t h e  r ea t t achmen t  takes p l a c e .  
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The case o f  weak p e r t u r b a t i o n s  is handled by resort 
t o  a l i n e a r i z a t i o n  t e c h n i q u e .  This  approach  l e a d s  t o  t h e  
e s t a b l i s h m e n t ,  f o r  one t h i n g ,  of a v e r y  s imple  b u t  u s e f u l  
c o n n e c t i o n  between t h e  effect  on  r e a t t a c h m e n t  o f  t h e  boundary 
l a y e r  i n  t h e  approaching  flow and t h e  e f f e c t  produced by i n j e c -  
t i o n  o f  f l u i d  i n t o  t h e  dead-water r e g i o n  by blowing,  

These a n a l y t i c  d e r i v a t i o n s  are fo l lowed and b u t t r e s s e d  
by c a r r y i n g  o u t  a comparison w i t h  t h e  r e s u l t s  o b t a i n e d  from 
s e l e c t e d  expe r imen t s .  

11.1 - C a l c u l a t i o n a l  Approach 

11.1.0 - The t h e o r e t i c a l  d e r i v a t i o n  o f  t h e  "escape" c r i t e r i o n  
rests on t h e  s t u d y  o f  t h e  n a t u r e  of t h e  f l o w  i n  t h e  mixing r e g i o n .  
The i d e a s  involved  o r i g i n a t e d  i n  t h e  s t u d y  of  j e t s  and are c a r r i e d  
o v e r  h e r e  t o  good advan tage .  I t  is t a k e n  fo r  g r a n t e d  i n  t h i s  
a n a l y s i s  t h a t  t h e  v e l o c i t y  p r o f i l e s  cp(y;x) and t h e  d e n s i t y  pro- 
f i l e s  p(y ;x)  e x h i b i t  s i m i l i t u d e ,  i . e . ,  t h e y  are independent  of 
t h e i r  x - p o s i t i o n  a l o n g  t h e  j e t  boundary. To be more p r e c i s e  abou t  
t h i s  s t a t e m e n t  t h e  fo l lowing  mathematical  f o r m u l a t i o n  is assumed 
t o  hold t r u e .  Le t  a convenient  r e f e r e n c e  l e n g t h  be s e l e c t e d ,  t o  
be d e s i g n a t e d  by t h e  symbol 6. I t  is t h e n  premised t h a t  a p o s i t i o n  
pa rame te r  can  always be  dev i sed  i n  t h e  f o r m  

i n  which t h e  f u n c t i o n  f (g) remains bounded r e g a r d l e s s  of t h e  
s i ze  of x ,  which is c o n s i d e r e d  p o s i t i v e .  Fur thermore ,  one  may 
f o r m a l l y  d e s i g n a t e  a non-dimensional normal c o o r d i n a t e  i n  t h e  
f l o w  t o  t a k e  t h e  form 
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When t h i s  is done, t h e  s i m i l i t u d e  assumption mentioned above may 
be  expres sed  unequ ivoca l ly  by the  f o l l o w i n g  u n i v e r s a l  f u n c t i o n s  
d e s c r i b i n g  t h e  v e l o c i t y  and d e n s i t y  p r o f i l e s  of i n t e re s t :  

which are t o  obey t h e  general Navier-Stokes e q u a t i o n s  and which 
are t o  be  i n  s u i t a b l e  form f o r  s a t i s f y i n g  t h e  boundary c o n d i t i o n s  
p e r t i n e n t  t o  t h i s  p r e s e n t  problem, 

11.1.1 - D e s c r i p t i o n  o f  t h e  Ve loc i ty  P r o f i l e  cp 

t h e  corner  B, where x - 0 ,  t h e  v e l o c i t y  p r o f i l e  h a s  t h e  f o l l o w i n g  
character: 

A t  t h e  o r i g i n  of  c o o r d i n a t e s ,  i . e . ,  a t  t h e  location of 

f o r  O S y 1 6  ( t h e  boundary l a y e r  is t a k e n  
t o  b e  e q u i v a l e n t  t o  t h e  one produced i n  
t h e  approaching  p l a n e  f low)  

where 6 h a s  been s e l e c t e d  a s  t h e  t h i c k n e s s  of  t h e  boundary l a y e r  
o f  t h e  approaching  f low a t  t h e  l o c a t i o n  B. 

A t  any l o c a t i o n  l y i n g  downstream o f  t h e  c o r n e r  B,  f o r  
which t h e  a b s c i s s a  x takes on  a p o s i t i v e  v a l u e ,  t h e  v e l o c i t y  pro-  
f i l e  h a s  t h e  fo l lowing  n a t u r e :  

c p ( 4  = 0 t h e  dead-water r e g i o n  is e n t e r e d  
d+4 = 1 t h e  e x t e r n a l  i n v i s c i d  f l o w  r e g i o n  is e n t e r e d  
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An approximate s o l u t i o n  f o r  t h e  v e l o c i t y - p r o f i l e  f u n c t i o n  
s a t i s f y i n g  t h e s e  c o n d i t i o n s  may be  o b t a i n e d  w i t h  l i t t l e  e f f o r t  
p rov ided  t h e  agreement is  accepted  t h a t  t h e  strict Navier-Stokes 
e q u a t i o n s  may be  r e l a x e d  and i n  t h e i r  p l a c e  t h e  s i m p l i f i e d  d i f -  
f e r e n t i a l  e x p r e s s i o n  g iven  by S.I. P a i  s u b s t i t u t e d .  T h i s  less 
s t r i n g e n t  requi rement  t a k e s  t h e  form of 

I n  t h e  case of t u r b u l e n t  mixing,  which is t h e  o n l y  
s i t u a t i o n  t o  be  c o n s i d e r e d  h e r e ,  t h e  s o l u t i o n  for t h e  boundary 
l a y e r  p r o f i l e  development is found by i n s e r t i n g  t h e  e x p r e s s i o n s  
g i v e n  above f o r  t h e  s imi la r  v e l o c i t y  p r o f i l e s  i n t o  P a i ’ s  d i f -  
f e r e n t i a l  e q u a t i o n .  The r e s u l t  o f  c a r r y i n g  o u t  t h e  i n d i c a t e d  
q u a d r a t u r e  is then  found t o  be 

The l o c a t i o n  pa rame te r  q e v i d e n t l y  depends on t h e  mixing co- 
e f f i c i e n t  e ( x ) ,  b u t  i f  one is c o n t e n t  t o  c o n f i n e  h i s  a t t e n t i o n  
o n l y  t o  t h a t  p a r t  of t h e  flow which is s u f f i c i e n t l y  f a r  removed 
from t h e  o r i g i n  i t  may be l e g i t i m a t e l y  assumed t h a t  t h e  l o c a t i o n  
pa rame te r  is g iven  s imply  by t h e  r a t i o  

P 

which can  be  t aken  as s u f f i c i e n t l y  a c c u r a t e  for v a l u e s  of t h e  
a b s c i s s a  which are l a r g e  i n  comparison w i t h  t h e  i n i t i a l  t h i c k n e s s  
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o f  t h e  boundary l a y e r  6 ( i . e , ,  one must be  f a r  enough downstream 
from t h e  s h o u l d e r  B t o  e n s u r e  t h a t  x /6  is i n  t h e  o r d e r  o f  10 or 
g r e a t e r ) .  I n  t h i s  r a t i o  t h e  p r o p o r t i o n a l i t y  f a c t o r  ty w i l l  be  a 
f u n c t i o n  o n l y  o f  t h e  e x t e r n a l  i n v i s c i d  f low Mach number, M1 
( s e e  Reference  1 ) .  

I n  t h e  s p e c i a l  case, which is a common and v e r y  i m -  

p o r t a n t  one ,  where t h e  i n i t i a l  boundary layer t h i c k n e s s  a t  t h e  
s h o u l d e r  B is comple t e ly  n e g l i g i b l e  i n  e x t e n t  ( S + O )  t h e r e  is 
no r e f e r e n c e  l e n g t h  u p w  w h i c h  t o  b a s e  t h e  s i m i l a r i t y  development ,  
and it  is n o n s e n s i c a l  t o  t a l k  of a l o c a t i o n  pa rame te r  q . I n  
t h i s  i n s t a n c e  i t  is p e r m i s s i b l e  t o  e x p r e s s  t h e  v e l o c i t y  p r o f i l e  ep 

s imply  as  a f u n c t i o n  o f  a normal non-dimensional ized o r d i n a t e  
d e s c r i b e d  by t h e  a f f i n e  r e l a t i o n  

P 

a n d ,  i n  consequence,  one o b t a i n s  a s u i t a b l e  s o l u t i o n  f o r  t h e  
s i m i l a r  p r o f i l e s  by i n s e r t i n g  t h e  v a l u e  of  q - 0 i n t o  Eq. ( 2 ) ,  
t o  f i n d  f o r m a l l y  t h a t  i n  t h i s  c a s e  

P 

11.1.2 - D e s c r i p t i o n  of  t h e  D e n s i t y  P r o f i l e  8 

The c h o i c e  of  t h e  d e n s i t y  p r o f i l e  8 w i l l  n e x t  be  made 
i n  such  a manner as  t o  b e s t  p rovide  f o r  t a k i n g  i n t o  accoun t  t h e  

t h e r m a l  t r a n s p o r t  p r o c e s s e s  which o c c u r  i n  t h e  mixing zone .  T h i s  
i n c l u s i o n  of  t h e  the rma l  a s p e c t s  of  t h e  mixing w i l l  be  accomplished 
by having  r e c o u r s e  t o  t h e  same hypo theses  which have a l r e a d y  been 
w e l l  s u b s t a n t i a t e d  i n  c a r r y i n g  o u t  c lass ical  boundary l a y e r  i n -  
v e s t i g a t i o n s .  
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Let it be assumed for present purposes, therefore, that 
the total enthalpy is conserved. This assumption implies clearly 
that the enthalpy of the dead water is equal to the stagnation 
enthalpy of the exterior inviscid flow. If, furthermore, the 
convention is agreed to that the  limiting velocity attained when 
the exterior inviscid flow is expanded into a vacuum is to be de- 
noted by wl, and if the ratio of the actual velocity to the value 
w is then denoted by ul, it follows, by appeal to the law of con- 
servation of energy, that one then may relate the local velocity, 
as measured by the quantity cp ul, and the density prafiles through 
the expression 

1 

(3) 

2 T1 1 - u1 
P 
p 1  T 1 - u1” cp2 

If, on the other hand, the stagnation enthalpy Hm of 
the dead water happens to be different than the stagnation enthalpy 
of the exterior inviscid flow, then this deficiency may be expressly 
stated in the form 

2 Hm = wm Hi where wm # 1. 

Once again, though, by having recourse to the law of conservation 
of energy one may relate the local velocity and density profiles 
through use of the slightly altered expression 

2 1 - u, 
I 

2 2 
e =  

- u1 v2 
where w denotes the local reduced limiting velocity attainable by a 
fluid particle travelling along a streamline imbedded in the mixing 
region. 
yet in this instance since one must also stipulate the behavior 
of w as a function of the normal coordinate q of the profile. 

The connection between 8 and cp is not specified fully as 
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f 

2 T h i s  c h o i c e  of  t h e  f u n c t i o n  w (q) must be  made i n  such  a way as  
t o  a s s u r e  t h a t  a t  t h e  e x t r e m i t i e s  of  t h e  p r o f i l e  t h e  f o l l o w i n g  
c o m p a t i b i l i t y  c o n d i t i o n s  are obeyed 

2 w (*) = 1 

w h i l e  a t  t h e  same t i m e  t h i s  e n t h a l p y - d e f i c i e n c y  must behave on 
a t r a v e r s e  a c r o s s  t h e  mixing zone i n  a manner which is s imi la r  t o  
t h e  v a r i a t i o n  e x h i b i t e d  by t h e  v e l o c i t y  p r o f i l e  cp (q). I t  is 
p e r m i s s i b l e  f o r  p r e s e n t  purposes ,  t h e r e f o r e ,  t o  t a k e  t h e  e n t h a l p y  
d e f i c i t  t o  have t h e  f o l l o w i n g  form 

2 

2 2 2 2 w - w + e p  ( 1  - wm) m 

so t h a t ,  i n  consequence, t h e  d e n s i t y  v a r i a t i o n  is s e e n  t o  be  
e x p r e s s i b l e  as  

( 4 )  

2 1 - u, 
I 

2 w m - cp2.(u; + w2 m - 1)  

which t h u s  c o n s t i t u t e s  a g e n e r a l i z a t i o n  of Eq. (3), which was o n l y  
v a l i d  when t h e  t o t a l  e n t h a l p y  was c o n s t a n t .  

I t  may be  worthy of  mention t h a t  t h e  g e n e r a l i z e d  expres -  
s i o n  f o r  t h e  d e n s i t y  p r o f i l e  may be cast  i n t o  a form e x a c t l y  
e q u i v a l e n t  t o  Eq. (3) by u s e  of a f i c t i t i o u s  r e f e r e n c e  v e l o c i t y  
U1, d e f i n e d  by t h e  e q u a t i o n  

. 
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from whence i t  f o l l o w s  t h a t  
2 

1 - u, 

. 

(4”) 

11.1.3 - Inward S h i f t  of  the V e l o c i t y  and D e n s i t y  P r o f i l e s  
The f u n c t i o n s  y (7 )  and e(rl), which have been d e f i n e d  

i n  t h e  manner j u s t  i n d i c a t e d  t o  r e p r e s e n t  approx ima te ly  t h e  
g e n e r a l  behav io r  o f  t h e  mixing p r o c e s s e s ,  o b v i o u s l y  do  no t  obey. 
t h e  e x a c t  govern ing  e q u a t i o n s  o f  t h e  f low.  

I n  o r d e r  t o  s a t i s f y  t h e  c r i t e r i o n  o f  o v e r - a l l  con- 
s e r v a t i o n  o f  momentum, t h e  f o l l o w i n g  improvements may be i n t r o -  
duced. To do t h i s  i t  need m e r e l y  be obse rved  t h a t  one can 
a lways  s h i f t  t h e  o r i g i n  of t h e  y a x i s  a t  any p a r t i c u l a r  a b s c i s s a  
l o c a t i o n  i n  o r d e r  t o  make t h e  8 and cp p r o f i l e s  obey t h e  imposed 

I c o n s e r v a t i o n  o f  momentum c o n d i t i o n .  T o  show how t h e  s h i f t  i n  
a x i s  is  c a r r i e d  o u t  i n  p r e c i s e  d e t a i l  t h e  f o l l o w i n g  n o t a t i o n  and 
p r o c e d u r e s  w i l l  be r e s o r t e d  t o .  L e t  BL r e p r e s e n t  t h e  boundary 
o f  t h e  i s o b a r i c  j e t  i n  i n v i s c i d  f low which emanates  from t h e  
c o r n e r  B a f t e r  t h e  t u r n  i s  made a t  t h e  c o r n e r  producing  t h e  
a s s o c i a t e d  Mach number M1. Likewise,  l e t  NN’ deno te  a s t r eam-  
l i n e  i n  t h e  e x t e r n a l  f low which is l o c a t e d  a t  a s u f f i c i e n t  
d i s t a n c e  ou tboa rd  o f  t h e  boundary B L  so t h a t  t h e  f low t h e r e  is 
comple te ly  uni form and un in f luenced  by t h e  mixing,  a t  l e a s t  t o  
t h e  second o r d e r  of  approximation i n  d/YN (See F ig .  3). 

Figure  3 
Inboard S h i f t  of the O r i g i n  of  t h e  V e l o c i t y  P r o f i l e s  

i n  t h e  Mixing Zone 
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. 

Now, t h e  momentum computed a t  t h e  c o n t r o l  s u r f a c e  BN 
. i s  e x p r e s s i b l e  as  

and t h i s  same amount of momentum must be accounted  f o r  a t  down- 
stream l o c a t i o n s ,  such  as  a t  t h e  c o n t r o l  s u r f a c e  C N ' .  Con- 
s e q u e n t l y  one must have 

The l e f t  hand s i d e  is a known q u a n t i t y ,  w h i l e  t h e  r i g h t  hand s i d e  

may be recast i n  terms of t h e  local v e l o c i t y  and d e n s i t y  p r o f i l e s  
cp(q) and e ( q ) ,  where i n  t h e  p r e s e n t  i n s t a n c e  t h e  local o r d i n a t e s  
are  s h i f t e d  downward by a n  amount y l ( x ) ,  so  t h a t  w i t h  

t h e n  t h e  new non-dimensionalized o r d i n a t e  becomes 
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Consequent ly ,  by imposing t h e  c o n d i t i o n  t h a t  t h e r e  
s h a l l  be  c o n s e r v a t i o n  of momentum a l o n g  t h e  mixing r e g i o n  
boundary,  t h e  downward s h i f t  with r e s p e c t  t o  t h e  boundary BZ' 
t h a t  is r e q u i r e d  i n  t h e  o r d i n a t e s  a t  each  a b s c i s s a  l o c a t i o n  is 
de termined  ( s e e  F igu re  3) by the r e l a t i o n  

When t h e  sugges t ed  s u b s t i t u t i o n s  and ma themat i ca l  
m a n i p u l a t i o n s  are o a r r i e d  o u t ,  one f i n d s  f i n a l l y ,  t h a t ,  upon 
p a s s i n g  t o  t h e  l i m i t  &-eo, t h e  downward s h i f t s  r e q u i r e d  fo r  
p r e s e r v a t i o n  o f  momentum are given by t h e  formula  

where el and 'pl are t h e  i n i t i a l  v a l u e s  of  t h e  d e n s i t y  and v e l o c i t y  
p r o f i l e s  a t  s t a t i o n  B ( w h e r e s  - 0 )  and where 8 and cp are g iven  
by t h e  e x p r e s s i o n s  o b t a i n e d  p r e v i o u s l y  a s  Eqs. (2) and (31, The 
d e t a i l s  of t h i s  d e r i v a t i o n  are r e c a p i t u l a t e d  i n  t h e  appendix .  

1 1 . 1 . 4  - Determina t ion  of  S t r e a m l i n e s  i n  t h e  Mixing Zone 
I t  is now p o s s i b l e  t o  de t e rmine  t h e  s t r e a m l i n e  f l o w  

p a t t e r n  i n  t h e  mixing zone. Before c o n s i d e r i n g  any a r b i t r a r y  
s t r e a m l i n e ,  it is wor thwhi le  to  f i x  a t t e n t i o n  on t h e  p a r t i c u l a r  
s t r e a m l i n e  which  r e p r e s e n t s  t h e  j e t  boundary ( j ) ,  p a s s i n g  through 
t h e  p o i n t  J a t  t h e  downstream a b s c i s s a  l o c a t i o n  s p e c i f i e d  as Z. 
The d e s i r e d  r e l a t i o n  f o r  o b t a i n i n g  t h e  downward s h i f t  f o r  t h i s  

j e t  boundary is o b t a i n e d  by working w i t h  t h e  f l u i d  f l u x e s  p a s s i n g  
t h e  u s u a l  c o n t r o l  s u r g a c e s .  In  t h e  p r e s e n t  case, i f  one f o c u s s e s  
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a t t e n t i o n  on t h e  s t r e a m l i n e  N N ’  ( a c r o s s  which no f l u x  is c a r r i e d )  
and t h e  c o n t r o l  s u r f a c e s  BN and J N ’  ( s e e  F i g u r e  4 ) ,  i t  must r e s u l t  
f r o m  c o n t i n u i t y  of  t h e  flow t h a t  

.Figure 4 

O r i e n t a t i o n  o f  Je t  Boundary and 
A r b i t r a r y  S t r eaml ines  i n  t h e  Mixing Zone 

c 

Upon i n s e r t i o n  of t h e  now f a m i l i a r  non-d imens iona l ized  
q u a n t i t i e s  q ,  q 5 ,  and ,  by t a k i n g  accoun t  o f . t h e  r e s u l t  p r e s e n t e d  
i n  Eq. ( 5 ) ,  i t  may be shown, as  is done i n  t h e  append ix ,  t h a t  

P’  

. 
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Consequently, this expression gives the value of the 
successive downward shifts in the jet boundary because it 
determines q as a function of q (i.e., 
in turn, the velocity and density are determined as functions 

is determined, and, 
yj j P 

of x, inasmuch as u - u1 cp(qj) and pj = p1 e(qj)). j 

In the case of an arbitrary streamline, the procedure 
continues as follows. Associated with each arbitrary streamline 
under discussion is a fluid flux, denoted by q', which is con- 
tained within a channel formed by the streamlines passing through 
J and Q'. Consequently a particular streamline of interest will 
be characterized by a non-dimensionalized flux parameter expressed 
as 

( 7 )  

t 

J 

where q is the same shift (in ordinate obtained above in Eq. ( 6 ) .  

Thus, the location coordinate for  the particular streamline ( c )  
j 

is obtainable as a function of the parameters qp, s p  h and Ci - ph. q' 
1 1  

11.2 - Application of the Escape Hypothesis to Some Simple Cases 

11.2.1 - The Angular Deflection Occasioned by Reattachment 

in the introduction. It is based upon the assumption that the 
stagnation pressure obtained by an isentropic compression of the 
fluid following the path of the discriminating streamline upstream 
of the reattachment must be equal to the pressure p2 which the 
external inviscid fluid exhibits when it is subjected to an 
angular deflection of Y ,  to become aligned with the downstream 
constraining wall after reattachment. 

The idea back of the escape hypothesis has been outlined 
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F i x i n g  a t t e n t i o n  on t h e  f low a l o n g  t h e  d i s c r i m i n a t i n g  
s t r e a m l i n e  i t  is conven ien t  t o  d e s i g n a t e  t h e  v e l o c i t y  t h e r e  by 
K = ~ ( q  ) w h i l e  t h e  d e n s i t y  on t h i s  d i s c r i m i n a t i n g  s t r e a m l i n e  is 
c l e a r l y  denoted  by t h e  analogous symbol e(q ). L e t  M1 s i g n i f y  
a s  u s u a l  t h e  Mach number o f  t h e  e x t e r n a l  i n v i s c i d  f low which is 
a t t a i n e d  a f t e r  t h e  t u r n  a t  t h e  c o r n e r  B b u t  b e f o r e  t h e  r e a t t a c h -  
ment t a k e s  p l a c e .  Based on t h e s e  c o n v e n t i o n s  it is t h e n  w e l l  
known t h a t  t h e  s t a g n a t i o n  p r e s s u r e  a t t a i n e d  when such  a f low 
a l o n g  t h e  d i s c r i m i n a t i n g  s t r e a m l i n e  is brought  t o  rest is g i v e n  
by t h e  e x p r e s s i o n  

t 
-L 

Y 
Y - 1  

'it 1 

- = ( l  p1 - K 2  u f )  

w h i l e  t h e  i s e n t r o p i c  compression * of  t h e  e x t e r n a l  i n v i s c i d  f l o w ,  
s t a r t i n g  i n  t h e  s ta te  where t h e  s t a t i c  p r e s s u r e  and v e l o c i t y  are 
deno ted  by (pl ,  u1L and ending  i n  t h e  c o n d i t i o n  r e p r e s e n t e d  by 
( P a ?  u2)  I is given  by t h e  r e l a t i o n  

Y 

Having set f o r t h  t h e s e  e x p l i c i t  r e l a t i o n s  i t  f o l l o w s  
immedia te ly  by a p p l i c a t i o n  o f  t h e  e s c a p e  h y p o t h e s i s  (whereby i t  
is s t i p u l a t e d  t h a t  P = p2)  t h a t  t h e  f o l l o w i n g  c o n n e c t i o n  is it 
e s t a b l i s h e d  between t h e  v e l o c i t i e s  under  examinat ion:  

2 2  1 - K  u1 P 

2 1 - u, 
I 
2 1 - u2 

*Some i n v e s t i g a t o r s  m a i n t a i n  t h a t  t h i s  recompress ion  t a k e s  p l a c e  by 
means of  a shock wave, w i t h  t h e  r e s u l t  t h a t  t h e  t u r n i n g  e x h i b i t e d  
by t h e  Y ( M  ) curve  d u r i n g  r ea t t achmen t  is reduced .  The assumpt ion  
made h e r e ,  'however, h a s  t h e  advantage of  s i m p l i f y i n g  t h e  subsequent  
c a l c u l a t i o n s  and it  d o e s n ' t  seem t o  i n t r o d u c e  any n o t i c e a b l e  change 
i n  t h e  fundamental  pa rame te r s  i n f l u e n c i n g  t h e  f low.  
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or, what amounts to the same thing, K is given in terms of the 
local Mach numbers as 

/ M 2 = ( 1 - K ) M f  2 2 1 .  
The recompression of the external inviscid flow from 

flow at speed M1 to flow at speed M2 may be determined by 
relying on the pre-tabulated information given by the Prandtl- 
Meyer law. This law is valid in the present case where a two- 
dimensional plane flow is under examination. The Prandtl-Meyer 
function is obtained by evaluation of the integral 

as has been pointed out in Reference 3. Consequently, the 
angular deflection experienced by the dividing streamline upon 
reattachment is obtained from the tables as a difference of 
entries, where, specifically, 

Upon elimination of the common Mach number, M2, from the 
expressions now deduced as Eqs. ( 8 )  and (91, it follows that the 
angular deviation suffered by the discriminating stream at reattach- 
ment is 
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where K r e p r e s e n t s  t h e  r a t i o  rp = u /ul .  O f  c o u r s e ,  u is t h e  
v e l o c i t y  a t t a i n e d  by t h e  f low a long  t h e  d i s c r i m i n a t i n g  s t r e a m l i n e ,  
w h i l e  u1 r e p r e s e n t s  t h e  v e l o c i t y  i n  t h e  e x t e r n a l  i n v i s c i d  f l o w  
where t h e  Mach number is M1. 
Paragraph  11.1 how t h e  t h e o r y  f o r  t h e  mixing processes p e r m i t s  
one ,  i n  t h e o r y ,  t o  de t e rmine  t h e  v a l u e  o f  t h e  v e l o c i t y  r a t i o  K. 

.c 4.. 4.. 

I t  h a s  a l r e a d y  been noted  i n  

T h i s  r a t i o  is a f u n c t i o n ,  e v i d e n t l y ,  of t h e  e x t e r n a l  
i n v i s c i d  flow v e l o c i t y ,  u l ,  o f  t h e  l o c a t i o n  o f  t h e  d i s c r i m i n a t i n g  
s t r e a m l i n e  ( 4 )  ( i . e . ,  of t h e  f l u i d  f l u x  pa rame te r  denoted  by C 1 ,  
and of t h e  i n i t i a l  c o n d i t i o n s  p r e s e n t  a t  t h e  c o r n e r  B which 
c h a r a c t e r i z e  t h e  fo rma t ion  and subsequent  development of  t h e  
mixing zone;  these i n i t i a l  c o n d i t i o n s  are d e s i g n a t e d  m o s t  con- 
v e n i e n t l y  by t h e  parameter  cpl(c). 

t 

(2 

11.2.2 - The Basic Reference  Flow 
I n  o r d e r  t o  i l l u s t r a t e  t h e  p r a c t i c a l  a p p l i c a t i o n  o f  t h e  

methods d i s c u s s e d  above f o r  o b t a i n i n g  t h e  v e l o c i t y  p r o f i l e s  i n  
t h e  mixing r e g i o n  and t h e  angu la r  d e f l e c t i o n  a t  r e a t t a c h m e n t ,  
t h e  s i t u a t i o n  encoun te red  i n  t h e  case o f  t h e  basic r e f e r e n c e  f l o w  
c o n f i g u r a t i o n  w i l l  be  examined f i r s t .  The b a s i c  r e f e r e n c e  f l o w  
c o n f i g u r a t i o n ,  as mentioned e a r l i e r ,  is t h e  case p r e s e n t e d  by an  
approaching  uni form two-dimensional p l a n e  f low which detaches from 
t h e  rearward f a c i n g  s t e p  wi thout  t h e  c o m p l i c a t i n g  p r e s e n c e  of any 
a p p r e c i a b l e  boundary l a y e r  a t  the  c o r n e r .  For t h i s  s i m p l i f i e d  
v e r s i o n  o f  t h e  flow detachment i t  w a s  p o i n t e d  o u t  ear l ier  t h a t  

t h e  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  mixing r e g i o n  is g iven  by t h e  
e x p r e s s i o n  

where Y v = o ’ -  x ’  
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The formula f o r  f i n d i n g  t h e  downward s h i f t  o f  t h e  
v e l o c i t y  p r o f i l e  7 is found i n  t h e  p r e s e n t  i n s t a n c e  by l e t t i n g  

j - 0 i n  Eq. ( 6 ) ,  from which it f o l l o w s  t h a t  
‘IP 

J 
-0a -0 

J 

The e q u a t i o n  f o r  a n y  a r b i t r a r y  streamline i n  t h e  mixing 
r e g i o n  may t h e n  be  found almost immediately by working w i t h  Eq. 
( 7 )  i n  which t h e  s i m p l i f i c a t i o n  is made now t h a t  Ip  Q.  ‘ 6 = x  

I n  p a r t i c u l a r ,  t h e  d i s c r i m i n a t i n g  s t r e a m l i n e  (t), 
r e p r e s e n t e d  by t h e  pa rame te r  ‘I w i l l  be  l i n k e d  d i r e c t l y  t o  t h e  

4’  
amount of  f l u i d  f l u x ,  q ,  t h a t  is e i t h e r  i n j e c t e d  o r  sucked o u t  
of t h e  dead-water r e g i o n .  The l o c a t i o n  of  t h e  d i s c r i m i n a t i n g  

, s t r e a m l i n e  is t h u s  dependent  upon i m p o s i t i o n  o f  t h e  requi rement  
t h a t  t h e  mass of f l u i d  i n  t h e  dead-water r e g i o n  must remain 
c o n s t a n t ,  which may be  symbolized by w r i t i n g  q + q ’  = 0. 

I f  t h e  f l u x  c o e f f i c i e n t  is t h e n  d e f i n e d  by t h e  r e l a t i o n  

q where q 7 0  when blowing o c c u r s  
q 0 1  u1 and q < O  when s u c k i n g  o c c u r s  

c -  

t h e n  one o b t a i n s  t h e  locat ion c o o r d i n a t e  of  t h e  d i s c r i m i n a t i n g  
stream from 

(7) 
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(a) Case of Reattachment when Neither Blowing Nor Sucking Takes 

In accordance with the dictates of Eq. (6) it is seen 
Place 

that the value of 7 
equivalent Mach number, M1) provided one limits the discussion to 
the particular case for which w m =  1. In consequence of this 
assumption, which amounts to saying that the limiting velocity 
for the streamlines in the mixing zone has a common value (is 
conserved), it follows that 

depends solely on the parameter u1 (or on the 

2 1 - u, 

Under these stipulated conditions, one may deduce, there- 
fore, that 

and then through appeal to Eq. (10) the corresponding value of the 
angular deflection may be obtained, i.e., Y(M1). 

In what follows this value of Y(M1) will be referred 
to as the required angular deflection for reattachment which 
applies in the case of the basic reference flow configuration. 
The variation of the functions $(M1) and Y(M1) produced by a Mach 
number spread from 2 to 4 . 5  is shown in Figure 5. 

. 
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I 

Theoretical R e s u l t s  Applicable t o  the  Referenqe 
Flow, for  Which wm 3 1 

K=F@J) 

0.65 

3.60 

0.25, 

I 
h 

Required Angular Deflection for Reattachment, y', and the Reduced 
Velocity Factor, K, A s  Functions of the Upstream Mach Number, M1 - 

I 

(b) Case of Reattachment in Presence of Blowing o r  Sucking, 
When C # 0 

q 
The flow is now reexamined in the case where blowing 

(Cq>O) or sucking (C < 0) is taking place in the dead-water region. 
In this instance the location of the discriminating streamline is 
determined by evaluation of the non-dimensional ordinate 11 by 
use of Eq. (9). The numerical computation of 7 can only be 
carried out, however, provided one is supplied with the values of 
0 and x/h. 

4 

I 

4, 
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Now the mixing parameter 0 has been studied in some 
detail by Gbrtler (see Reference 3) and by other investigators 
(see Reference 4 ) .  The results of these studies appear to indi- 
cate the applicability of the following empirical formula for 
evaluation of U: 

ty 12 + 2.76 MI 

In the choice of the value for x/h, on the contrary, 
it will be necessary to fall back on stipulation of a supplementary 
hypothesis. If the reattachment takes place within a reasonably 
small distance from the stagnation point R, it should not be 
greatly at variance with reality to admit, as Korst has suggested, 
that 

BR X 1 1 
h P r i  X i q U r n '  

Unfortunately, experimental data [ 5 ]  show unmistakably that the 
reattachment zone extends over a rather significant portion of 
the distance between B and R. Now, furthermore, Eq. ( 7 )  really 
is not applicable in the present case because it applies only to 
the constant-pressure portion of the mixing zone. Thus, the most 
sensible procedure is to make the assumption that 

where 1 i s  used to denote an empirical constant to be determined 
by experiment. Once this constant is decided upon, then 5 can 
be obtained by having recourse to Eq. (7) and, in consequence, the 
velocity ratio on the discriminating streamline is obtained as 
K - cp(qc). In addition, the angular deviation, now denoted as 

Q 
4 

- -  
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y ( ~  , C , may b e  o b t a i n e d  by u s e  o f  Eq. ( 1 0 ) .  T y p i c a l  v a l u e s  

are g i v e n  i n  F i g u r e  6 .  
1 q  

T h e o r e t i c a l  R e s u l t s  App l i cab le  t o  t h e  Reference  
Flow, f o r  Which wm 1 

F igure  6 

Requi red  Angular D e f l e c t i o n  f o r  Reat tachment ,  Showing t h e  E f f e c t  o f  
Blowing or Sucking 

11.2.3 - Flows D i f f e r i n g  Only S l i g h t l y  from t h e  Basic Reference 

C o n f i g u r a t i o n  
The r e q u i r e d  a n g u l a r  d e f l e c t i o n  f o r  r e a t t a c h m e n t  depends ,  

i n  p r i n c i p l e ,  s o l e l y  upon t h e  Mach number, M1, and upon t h e  v e l o c i t y  
r a t i o  a t  t h e  d i s c r i m i n a t i n g  s t r e a m l i n e ,  K, a c c o r d i n g  t o  t h e  d i c t a t e s  
o f  Eq. (10 ) .  A flow which d i f f e r s  o n l y  s l i g h t l y  from t h e  basic 
r e f e r e n c e  f low c o n f i g u r a t i o n  is now t a k e n  t o  mean a f low which is 
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(12) 

a linear perturbation from the reference flow. Thus, such a 
"neighboring" flow is any one which has a Mach number Ml for the 
external inviscid flow and which exhibits a perturbing factor 
which operates to change the value of K by only a slight amount, 
By a slight amount is meant any change in the value of K (to be 
indicated by 6K) such that the ensuing effect exerted upon the 
angular deflection at reattachment, I, will be amenable to 
determination by linearization. 

The perturbation in the required angular deflection may 
be formally written in the following way, on the basis of Eq. (10): 

6P = K6K . 1 d-'. 
1 - K2 1 + r-1 M; (1-K2) 2 

I 

t3Y SY 6K 

and, by introduction of the expression for P(M), it follows that 
the sought expression for the angular deflection increment i s  

If the particular type of perturbation under cansideration 
happens to be such that only the location parameter of the dis- 
criminating streamline, 
the picture to change the law that the velocity ratio G ( q )  obeys, 
then one may write down an explicit relationship for the 6K, as a 
function of 61. In fact the relation which is pertinent is just 

i s  involved, while nothing else enters q.c 

This case is exemplified by situations in which only a light blowing 
or sucking in the deadwater region is acting to perturb the flow, 
or if only a slight modificatian in the temperature is exerting its 
influence on the flow, 
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A p p l i c a t i o n  I - Case of S l i g h t  Blowing or Sucking 

it is found by r e f e r e n c e  t o  Eq. (7) t h a t  t h e  s e p q r a t i o n  between 
t h e  j e t  boundary and t h e  d i s c r i m i n a t i n g  s t r e a m l i n e  is g i v e n  by 
t h e  r e l a t i o n  

Upon t a k i n g  t h e  r equ i r emen t s  af Eq. (11) i n t o  a c c o u n t ,  

n 
I 

1 2  1 - u1 
and 3 - 1 + M1 (1 - x2g01 

J 1 - x2 u1" 

Fur thermore ,  t h e  increment  i n  t h e  a n g u l a r  d e f l e c t i o n  6Y is determined  
by  r e c o u r s e  t o  Egs. (12) and (U), which t u r n s  o u t  t o  e y p r e s s i b l e ,  
t h u s ,  as 

where in  

Q s i n  Y . 
xq q 

6Y = - Y" 

T h i s  r e l a t i o n s h i p  fo r  t h e  increment i n  t h e  a n g u l a r  d e f l e c t i c m  
is shown i n  F i g u r e  7 for two p o s s i b l e  v a l u e s  of t h e  mixing 
parameter, Q .  
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- Q-1 
6C9 

- 

- 15 Figure  7 

Increment  i n  t h e  Required Angular 
D e f l e c t i o n  fo r  Reat tachment ,  Due t o  a 

D i f f e r e n t  Kinds o f  Mixing C o e f f i c i e n t  
S l i g h t  Amount o f  Blowing, f o r  Two .. IO 

-5  

O 2  3 

A p p l i c a t i o n  I '  - Momentum Add i t ions  
I n  t h e  p reced ing  case it  h a s  been t a c i t l y  assumed t h a t -  

t h e  blowing ( C  > 0) or t h e  suck ing  ( C  < 0) h a s  been accompl ished  
a t  v e r y  slow v e l o c i t i e s ,  s o  t h a t  t h e r e  is no need t o  t a k e  i n t o  
accoun t  any t r a n s f e r  o f  momentum. 

q q 

I n  t h e  p r e s e n t  i n s t a n c e ,  on t h e  c o n t r a r y ,  t h e  case is 
t o  be  examined i n  which a n  amount o f  momentum, deno ted  by J ,  is 
impar t ed  t o  t h e  f low i n  the  absence  o f  any m a s s  t r a n s f e r .  The 
momentum is assumed t o  be t r a n s p o r t e d  a c r o s s  t h e  base r e g i o n  
(x  = 0) c o n f i n e d  t o  t h a t  p o r t i o n  f o r  which y < 0,  and is t r a n s -  
m i t t e d  i n  a d i r e c t i o n  p a r a l l e l  t o  t h e  Bx boundary.  

I 

Retu rn ing  t o  c o n s i d e r a t i o n s  e n t i r e l y  ana logous  t o  t h o s e  
encoun te red  i n  S e c t i o n  11.1.3, it  is c lear  t h a t  i f  t h e  c o n s e r v a t i o n  
of momentum is premised ,  then one may w r i t e  i n  t h i s  case t h a t  

. .  

" N 

0 --cD 

x = 0 s t a t i o n  (x )  s t a t i o n  
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If a momentum t r a n s p o r t  C o e f f i c i e n t  is now d e f i n e d  t o  have t h e  

form C - , i t  is e a s y  t o  see t h a t  ope needs  t o  add t h e  2*J 

U P 1  U,2h 

a h  
2 x  u. t e r m -  - C t o  t h e  r i g h t  hand s i d e  o f  each of t h e  e x p r e s s i o n s  

o b t a i n e d  p r e v i o u s l y  as Eqs. (5) and (6) .  It is t h e n  found t h a t  
t h e  e q u a t i o n  which d e f i n e s  t h e  inward s h i f t  of t h e  v e l o c i t y  
p r o f i l e s ,  q may be  w r i t t e n  i n  t h e  form 3 '  

where a l l  other p e r t u r b a t i o n s  a r e  b e i n g  d i s r e g a r d e d ,  so t h a t  
= 0 .  When t h i s  r e s u l t  is compared t o  t h e  ana logous  e x p r e s s i o n  

o b t a i n e d  for  t h e  basic r e f e r e n c e  flow c o n f i g u r a t i o n ,  it is a p p a r e n t  
t h a t  

qP 

Having e l ic i ted t h i s  r e s u l t  for t h e  s t r e a m l i n e  s h i f t ,  i t  follows 
t h a t  t h e  i n c r e m e n t a l  change brought abou t  i n  t h e  v a l u e  of t h e  d i s -  

c r i m i n a t i n g  s t r e a m l i n e  v e l o c i t y  parameter, K, is g iven  by t h e  
formula  
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and,  s i m i l a r l y ,  t h e  i n c r e m e n t a l  change i n  t h e  r e q u i r e d  a n g u l a r  
d e f l e c t i o n  occas ioned  by t h e  i n t r o d u c t i o n  of t h e  momentum is 
r e p r e s e n t e d  by 

I n  t h e  case where t h e r e  is b o t h  i n j e c t i o n  of f l u i d  
(C > 0 )  a s  w e l l  a s  t r a n s p o r t  of momentum (C > O ) ,  t h e  formula 
g i v e n  above a s  Eq. (14) should  be  a l t e r e d  t o  r e a d  

q II 

( 1 4 ' )  Q s i n  Y 6Y = Y ' .  
'b 

NOTE : 
I n  t h e  e v e n t  t h a t  t h e  t r a n s p o r t  of momentum and of f l u i d  

t a k e s  p l a c e  a t  a c o n s t a n t  v e l o c i t y  V t h e n  i n  t h i s  p a r t i c u l a r  case 
i t  is  p e r m i s s i b l e  t o  w r i t e  

3' 

V 
c - 2 c  
II q u1 

and t h e  i n c r e m e n t a l  r e q u i r e d  angu la r  d e f l e c t i o n  is de termined  by 
t h e  e x p r e s s i o n  

Inasmuch a s  C is i t s e l f  p r o p o r t i o n a l  t o  V it  is e v i d e n t  from 
t h e  above formula ,  t h e n ,  t h a t  t h e  e f f e c t  on 6Y of a combined 
momentum and f l u i d  i n j e c t i o n  which t a k e s  p l a c e  a t  a p r o g r e s s i v e l y  
i n c r e a s i n g  ra te  w i l l  e v e n t u a l l y  a r r i v e  a t  a maximum amount o f  
d e f l e c t i o n ,  which w i l l  t hen  dec rease  t h e r e a f t e r ,  a s  is conf i rmed 

q j' 



. 
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by experiment. If, furthermore, the density p at the injection 
is maintained constant, then the maximum deflection is attained 

j 

when V = u1/2. 
j 

Application I1 - Alteration in Temperature Level of the Fluid in 

In this example it is assumed that the enthalpy of the 
the Dead-Water Region 

fluid in the dead-water region is regulated by some device so that 
w - 1 + 6wm. 
been agreed upon it is evident that such an enthalpy perturbation 
will not have any effect on G ,  but it will only influence the 

Within the framework of the hypotheses that have m 

value of e .  Now it has been shown above in a 
€3 does not change its mathematical expression 
- 

2 is replaced by the fictitious velocity U1 u 1 

Consequently, Eq. @), which is the 

formal manner that 
when the real velocitv w 

2 2 u1 + wm - 1 
E n . 

W6 m 
expression arrived 

at previously for the jet boundary location will now provide the 
sought value of q 
the velocity ratio on the discriminating streamline will be found, 
then, as 

as Tj (Ul)here, instead of y.(ul). Furthermore, 
j J 

Besides, the imposition of the "escape'' hypothesis, in this case 
where the limit velocity of the flow is no longer unity but is 

2 now taken to be given by w2 + K leads to an alteration (1 - wm), 

pressure for 
lations this 

in the result given in Section 11.2.1 for the isentropic stagnation 
the discriminating streamline. Under present stipu- 

- =?- 
pi 4, 

p1 

pressure is obtained from 

2 2 2 
m W ( 1 - K ) + K  

w2 m (1 - K 2 )  + K2 - K2 u: 

the formula 

Y 
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and one r e g a i n s  a r e s u l t  f o r  t h e  downstream Mach number, M2,  which 
is f o r m a l l y  t h e  same as  t h e  r e l a t i o n  a r r i v e d  a t  ear l ier  as Eq. ( 8 ) ,  
e x c e p t  t h a t  i n  t h e  p r e s e n t  i n s t a n c e  K must b e  r e p l a c e d  by K1, i . e . ,  

I n  summary, i t  h a s  been shown t h a t  i f  t h e  l i m i t  v e l o c i t y  
of t h e  f low i n  t h e  dead-water r eg ion  is e n v i s i o n e d  as l i n k e d  t o  
t h e  l i m i t  v e l o c i t y  of t h e  mixing zone  ( i . e . ,  t h i s  l i m i t  v e l o c i t y  
is  t h e  one a t t a i n a b l e  by expanding down t o  vacuum p r e s s u r e  t h e  
f low i n  t h e  mixing zone)  t h e n  t h i s  new i n c r e m e n t a l  v a l u e  for t h e  
l i m i t  v e l o c i t y  of t h e  f low i n  t h e  dead-water region i m p l i e s  t h a t  
t h e  f o l l o w i n g  a l t e r a t i o n s  must b e  i n c o r p o r a t e d  i n t o  t h e  c a l c u l a t i o n  
of t h e  r e q u i r e d  a n g u l a r  d e f l e c t i o n ,  f: 

1. The v a l u e  o f  K is ob ta ined  from F i  5 by e n t e r i n g  t h e  
cu rve  w i t h  t h e  v a l u e  U1 = d-/wm m i n  place of - 

Thus, one f i n d s  t h a t  K = K + €jlK. u1 

2.  The r e q u i r e d  a n g u l a r  d e f l e c t i o n  a t  r e a t t a c h m e n t  is 
c a l c u l a t e d  by having r e c o u r s e  t o  Eq. 10, where in  K 
is r e p l a c e d  by t h e  new e x p r e s s i o n  o b t a i n e d  from 
Eq. ( 8 ' ) .  T h i s  amounts t o  i n t r o d u c t i o n  o f  a second 
c o r r e c t i o n  a p p l i e d  t o  K ,  which may b e  d e s i g n a t e d  as  
62K 

Provided t h e  va lue  of wm is n o t  s i g n i f i c a n t l y  d i f f e r e n t  
f rom u n i t y ,  so  t h a t  wm = 1 + 6 w m ,  w i t h  6 wm smal l ,  t h e n  it  is 

found t h a t  
-- 

. 



and 

Thus,  one 

where  

The v a l u e  

e f f i c i e n t  
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2 
1 dx  1 - u  

U 1 dul tjlK = 6 wm 

€j2K = - 6 w m X  ( 1  - -2 K ) .  

may t h e n  l e g i t i m a t e l y  employ t h e  d i f f e r e n t i a l  e x p r e s s i o n  

- 2 
-2 1 - u1 - 

1 dul % =  U 
dK - K ( 1  - K ) .  

d 1' 
dK 

o f -  - is g iven  a s  b e f o r e  by Eq. ( 1 2 ) ,  w h i l e  t h e  co- 

K; is d e p i c t e d  g r a p h i c a l l y  i n  F i g u r e  8 .  

T h e o r e t i c a l  R e s u l t s  App l i cab le  t o  t h e  Reference  
Flow, f o r  Which wm =e 1 

-0.30 

-0.25 

Figure  8 

E f f e c t  on t h e  Reattachment Flow of A l t e r a t i o n  i n  t h e  
Temperature Level of t h e  F l u i d  i n  t h e  Deadwater Region 
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Numerical Example: 
For pu rposes  o f  numerical  i l l u s t r a t i o n  l e t  t h e  f o l l o w i n g  

s p e c i f i c  case b e  examined. The s t a g n a t i o n  t empera tu re  i n  t h e  
e x t e r i o r  i n v i s c i d  flow is taken t o  b e  T = 300"K, w h i l e  t h e  

t empera tu re  of  t h e  dead-water r eg ion  is kep t  a t  t h e  v a l u e  Tm = 270'. 
il 

Thus,  300 - 270 - 0.05.  
2 x 300 

6wm = - 

Let  t h e  Mach number of t h e  flow a f t e r  t u r n i n g  t h e  c o r n e r  be t a k e n  
a s  M1 = 2 .63 .  
immediately t h a t  

Then t h e  v a l u e  of u: is 0.584, and it f o l l o w s  

dK K - 0.663, -= dy 1.13, and - = 0.18. 
dK dUl 

Consequently,K; = (0*416)(0*18) - (0 .663)(0 .56)  = 0.098 - 0.371 = -0.273 0.764 

and 6Yw = (0 .05)(0.273)(1.13)  = + 0.0154 r a d i a n  

from which t h e  r e q u i r e d  a n g u l a r  d e v i a t i o n  a t  r e a t t a c h m e n t  may be 
deduced t o  be - 0.29. 

I t  is e v i d e n t  from t h i s  example t h a t  t h e  f i r s t  increment ,  
6 K ,  is r e l a t i v e l y  s m a l l  i n  comparison w i t h  t h e  second one ,  G2K. 
I t  is a l s o  e v i d e n t  t h a t  a q u i t e  moderate  s h i f t  i n  t h e  t e m p e r a t u r e  
a t  which t h e  mixing o c c u r s  r e s u l t s  i n  inc remen t s  i n  t h e  r e q u i r e d  
a n g u l a r  d e v i a t i o n  a t  r ea t t achmen t ,  I, which are  n o t  a t  a l l  
i g n o r a b l e  a c c o r d i n g  t o  t h e  graph of F i g u r e  8.  

1 

The i n f l u e n c e  exerted upon such  s e p a r a t e d  f lows  of t h e  
p r e s e n c e  of an  a p p r e c i a b l e  boundary l a y e r  w i l l  be t r e a t e d  n e x t .  
T h i s  s o r t  o f  flow c o n d i t i o n  w i l l  a l s o  be  i l l u s t r a t e d  w i t h  a 
numer i ca l  a p p l i c a t i o n  l a t e r  o n .  

c 
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11.3 - Effec t  on Reattachment o f  t h e  P resence  of a Boundary Layer  
' I n  any real  flow t h e r e  a lways  w i l l  e x i s t  a boundary 

l a y e r  l y i n g  n e x t  t o  t h e  w a l l  t h a t  is c o n f i n i n g  t h e  f low.  For 
presen t  pu rposes  t h e  n a t u r e  of t h i s  boundary l a y e r  w i l l  be 

s p e c i f i e d  by s e l e c t i n g  t h e  v e l o c i t y  p r o f i l e  and t h e  t e m p e r a t u r e  
p r o f i l e  which is ach ieved  i n  t h e  development of t h e  boundary 
l a y e r  j u s t  a s  i t  reaches '  t h e  s h o u l d e r  B immedia te ly  b e f o r e  
s e p a r a t i o n  o c c u r s .  
a s  

These p r o f i l e s  may be  d e s i g n a t e d  s y m b o l i c a l l y  

where 6 '  r e p r e s e n t s  t h e  r e a l  p h y s i c a l  t h i c k n e s s  of t h e  boundary 
l a y e r ;  i . e . ,  i t  is g r a n t e d  t h a t  v0 = 1 and eo - 1 for  a l l  y )  6 ' .  

O f  c o u r s e ,  a s  u s u a l ,  t h e  s y m b o l s  Mo, uo,  and To r e p r e s e n t  t h e  
Mach number, the  v e l o c i t y ,  and t h e  t e m p e r a t u r e ,  r e s p e c t i v e l y ,  o f  
t h e  i n v i s c i d  f l o w  encountered  a t  t h e  s h o u l d e r  B (see F i g u r e  9 ) .  

I IY' 

Figure  9 

Boundary Layer Flow P a t t e r n  f o r  Rapid Expansion a t  Corner: 
Two-Dimensional (P lane )  Case 



Page 38 

A s  t h e  f low p a s s e s  t h e  c o r n e r  B it undergoes  a v e r y  
r a p i d  expans ion  (which o c c u r s  i n s t a n t l y  a t  t h e  p o i n t  B i t s e l f ,  
i n  t h e  absence  o f  any boundary l a y e r ) .  T h i s  expans ion  t r a n s f o r m s  
t h e  e x t e r i o r  i n v i s c i d  flow from t h e  c o n d i t i o n s  (M po> i n t o  a 
new set  o f  c o n d i t i o n s  (M1,pl). 
o f  t h e  detachment and rea t tachment  p r o c e s s e s  i t  is n e c e s s a r y ,  f i r s t  
o f  a l l ,  t o  f i n d  o u t  how such  a n  expans ion  reacts on t h e  boundary 
l a y e r .  Af t e r  de t e rmin ing  t h e  e f f e c t  on t h e  boundary l a y e r  i t s e l f ,  
t h e n ,  i n  t u r n ,  one can  proceed  t o  de t e rmine  what p e r t u r b a t i o n s  
are  induced by t h e  boundary l a y e r  upon t h e  n a t u r e  o f  t h e  v e l o c i t y  
and t empera tu re  p r o f i l e s  t o  be  encountered  i n  t h e  mixing zone 
j u s t  b e f o r e  r ea t t achmen t .  

0’ 
In  o r d e r  t o  p r o g r e s s  i n  t h e  s t u d y  

I 1  .3.1 - Effec t  o f  a Rapid Expansion upon t h e  Boundary Layer  
Development 
The a n a l y t i c  expres s ion  f o r  t h e  expans ion  t a k i n g  p l a c e  a t  

t h e  s h o u l d e r  B can b e s t  be  denoted by u s e  of t h e  p r e s s u r e  r a t i o  
pl/po. Inasmuch a s  t h i s  expansion p r o c e s s  is  an  i s e n t r o p i c  one 
i n  t h e  e x t e r i o r  i n v i s c i d  f low,  t h e  r e p r e s e n t a t i v e  p r e s s u r e  r a t i o  
is connected  w i t h  t h e  o t h e r  p e r t i n e n t  f low pa rame te r s  by t h e  
f o l l o w i n g  set of  r e l a t i o n s :  

2 y-l 
a 

a 

y - 1  2 

y - 1  2 
0 

= A.  TO 

T1 

= - -  
l +  2 M1 

l +  2 Mo 1 

Af te r  t h e  expans ion  t a k e s  p l a c e , ,  t h e  i n v i s c i d  e x t e r n a l  
f low a t t a i n s  a new Mach number, denoted  by M1, and i t  assumes t h e  
d i r e c t i o n  of t h e  l i n e  BX, which is de termined  by t h e  well-known 
Prandtl-Meyer r e l a t i o n  f o r  d e f l e c t i o n  o f  a s u p e r s o n i c  f low t h r o u g h  
an  expans ion .  
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Keeping i n  mind t h e s e  c h a r a c t e r i s t i c s  o f  t h e  e x t e r n a l  
i n v i s c i d  f low,  it is reasonab le  t o  e x p e c t  t h a t  t h e  boundary 
l a y e r  w i l l  obey t h e  f o l l o w i n g  r u l e s  a s  i t  undergoes  t h e  expans ion  
a t  t h e  s h o u l d e r  B: 

A .  - For a v e r y  s h o r t  d i s t a n c e  downstream of t h e  s h o u l d e r  B,  of 
t h e  o r d e r  of  magnitude o f  6 ' ,  one w i l l  f i n d  t h a t  t h e  
v e l o c i t y  v e c t o r s  l y i n g  along e v e r y  s t r e a m l i n e  throughout  
a normal s e c t i o n  Oy w i l l  b e  a l i g n e d  i n  t h e  same d i r e c t i o n ,  
which w i l l  b e  t h e  d i r e c t i o n  of BX, and t h a t  t h e  s t a t i c  
p r e s s u r e  w i l l  be  c o n s t a n t  t h e r e  and e q u a l  t o  p l .  

B .  - I f  Q '  and Q are used  t o  denote t w o  p o i n t s  l y i n g  on t h e  
same s t r e a m l i n e  and so s i t u a t e d  t h a t  one l i e s  ups t ream o f  
t h e  expans ion;  i . e . ,  so t h a t  t h e  f irst  (Q') l i e s  on t h e  
o r d i n a t e  a x i s  By' and t h e  second (Q) l i e s  on t h e  r o t a t e d  
a x i s  Oy, t h e n  t h e  t o t a l  en tha lpy  and t h e  e n t r o p y  are con- 
s e r v e d  w h i l e  t h e  flow passes from Q' t o  Q. A s  t h u s  d e s c r i b e d ,  
t h e  p o i n t s  Q '  and Q are s a i d  t o  be homologous p o i n t s .  

T h i s  h y p o t h e s i s  is e q u i v a l e n t  t o  accep tance  o f  t h e  
fac t  t h a t  when t h e  f low p a s s e s  from Q' t o  Q i t  undergoes 
a quas i -d i scon t inuous  change i n  which t h e  e f f e c t s  of  t h e  
p r e s s u r e s  are i n f i n i t e l y  greater  i n  importance t h a n  t h e  
e f f e c t s  of v i s c o s i t y  or t h e r m a l  d i f f u s i o n .  

Having made t h e s e  s t i p u l a t i o n s  A and B i t  is e a s y  t o  see 
what t h e i r  immediate consequences are  a s  f a r  a s  l i n k i n g  t h e  f low 
p a r a m e t e r s  which hold upstream and downstream of  t h e  expans ion .  
L e t  t h e  ups t ream pa rame te r s  be denoted  by p r imes ,  so t h a t  a t  t h e  
homologous p o i n t  Q' t o  Q t h e  q u a n t i t i e s  o f  i n t e r e s t  are y ' ,  u ' ,  
a ' ,  and T '  (whi le  a t  Q i t s e l f  t h e  co r re spond ing  q u a n t i t i e s  are 
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denoted  s imply  by y ,  u ,  a ,  and T ) ,  and a l s o  t a k e  i t  f o r  g r a n t e d  
t h a t  t h e  l i m i t  v e l o c i t y  t o  which t h e  flow can  be  expanded is t o  
be denoted  by u n i t y .  Having agreed upon t h e s e  c o n v e n t i o n s ,  i t  
t h e n  f o l l o w s  t h a t  

2 2 * a  = w  2 
Y - 1  

2 . ( a ' )  2 = w 2 ; u 2 + 2 * a  2 - 1 .  
0 Y - 1  0 y - 1  

Upon look ing  back a t  Eq. (1)  and t a k i n g  i n t o  account  
Eq. (2 )  it becomes c lear  t h a t  

Hence, a t  any two homologous p o i n t s ,  such  a s  Q '  and 9, t h e  d e n s i t y  
f u n c t i o n  8 e x h i b i t s  t h e  same va lue .  

A s imple  manipula t ion  o f  t h e  e q u a t i o n s  g iven  above 
r e s u l t s  i n  t h e  e s t a b l i s h m e n t  of t h e  f o l l o w i n g  c o n n e c t i o n  between 

cO,(Y) and cp0(y'>: 

( 5 )  

where  

. 



. 
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I t  remains  t o  es tab l i sh  a p o i n t - t o - p o i n t  co r re spondence  
between t h e  o r d i n a t e  v a l u e s  ( y , y ' )  o f  homologous l o c a t i o n s .  T h i s  
cor respondence  i n  p o s i t i o n  may be o b t a i n e d  by f a l l i n g  back  on t h e  
c o n t i n u i t y  theorem, which r e q u i r e s  t h a t  

p u dy = p '  U' d y '  

s o  t h a t ,  i t  f o l l o w s ,  one must take 

Y+l 
2 i  y - 1 ) 

I dy '  . QO dy = A 

For convenience sake, l e t  t h e  f o l l o w i n g  n o t a t i o n  be 

i n t r o d u c e d  

1 and 

t h e n  i t  f o l l o w s  t h a t  

5 = 2 and c '  = 6' Y '  
6 

and i t  may be  s e e n ,  i n  a d d i t i o n ,  t h a t  
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Y + l  

where t h e  f u n c t i o n >  (M) is  used t o  deno te  t h e  area r a t i o  A/Ao, 

where A is t h e  c r o s s - s e c t i o n e d  a r e a  o f  a s t r eam- tube ,  and where 
t h e  area r a t i o  i n  q u e s t i o n  is t h e  one o b t a i n e d  by an i s e n t r o p i c  
expans ion  r e s u l t i n g  i n  t h e  Mach number M. 

L e t  t h e  s p e c i a l  case now be examined i n  which t h e  l i m i t  
v e l o c i t y  w a t t a i n s  t h e  v a l u e  u n i t y .  That  is t o  s a y ,  l e t  a t t e n t i o n  
b e  focused  on t h e  s p e c i a l  case for which 

2 1 - u, 2 1 - u- 

The i n t e g r a l  g iven  f o r  e v a l u a t i n g  Z i n  Eq. ( 6 )  of S e c t i o n  11.3.1 
may t h u s  be s i m p l i f i e d  t o  

5 '  

The co r re spond ing  momentum t h i c k n e s s e s  which p e r t a i n  t o  
t h e  f low ups t ream and downstream o f  t h e  expans ion  may t h e n  be 
e v a l u a t e d  from t h e  e x p r e s s i o n s  

1 

1 
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I t  may be  remarked t h a t  t h e  f o l l o w i n g  a l t e r n a t e  expres -  
s i o n s  ho ld  f o r  t h e  terms appea r ing  i n  t h e  above e x p r e e s i o n s  f o r  
t h e  momentum t h i c k n e s s e s :  

2 
1 1 - u  2 1 - u  

= 0 
2 

1 - u z  0 "0 1 - u: e p 1  

Consequent ly ,  i t  fo l lows  t h a t  t h e  momentum t h i c k n e s s  r a t i o  
is g i v e n  by 

1 

where t h e  sho r thand  n o t a t i o n  has  been used t h a t  
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I 

When t h e  expansion is of  o n l y  moderate  d e g r e e  i t  is 

r e a d i l y  a p p r e c i a t e d  t h a t  t h e  r i g h t  hand s i d e  of t h e  e x p r e s s i o n  
f o r  t h e  momentum t h i c k n e s s  r a t i o  w i l l  n o t  d i f f e r  g r e a t l y  from t h e  
f u n c t i o n  z ( M l ) / x ( M o ) .  Consequent ly ,  t h e  q u o t i e n t  of t h e  two 
i n t e g r a l s  whiCh m u l t i p l y Z ( M l ) / r ( M  0 ) may be t r e a t e d  a s  a cor- 
r e c t i o n  f ac to r ,  d e s i g n a t e d  as  A .  
A ,  behaves as  a f u n c t i o n  of t h e  expans ion ,  r e p r e s e n t e d -  by & , is 
shown g r a p h i c a l l y  i n  F igu re  10. 

The way t h i s  c o r r e c t i o n  f ac to r ,  

t i c a l  Resu l t s  
i 1 

Figure  10 
The C o r r e c t i o n  F a c t o r ,  A, As Func t ion  of t h e  Degree of Expansion, h-. 

1 1 . 3 . 2  - Determina t ion  of t h e  C o n d i t i o n s  a t  Reat tachment  
The c a l c u l a t i o n  of t h e  c o n d i t i o n s  a t  r e a t t a c h m e n t  may 

be  accomplished by go ing  back and r e c a l l i n g  some of t h e  r e s u l t s  
a l r e a d y  o b t a i n e d  i n  t h e  p reced ing  s e c t i o n s .  
i n  t h e  mixing zone is given by Eq. ( 2 ) ,  found i n  S e c t i o n  11.1.0, 

i n  t h e  form 

The v e l o c i t y  p r o f i l e  
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I t  h a s  a l r e a d y  been i n d i c a t e d  how one o b t a i n 6  t h e  i n i t i a l  
v e l o c i t y  p r o f i l e  denoted  by cpl(c). The pa rame te r  TJ is t h e  q u a n t i t y  

P 
which gove rns  t h e  e f f e c t  on t h e  v e l o c i t y  
o f  t h e  boundary l a y e r ,  where 

I t  is n o t  n e c e s s a r y  to  pay any 

p r o f i l e  of t h e  p r e s e n c e  

a t t e n t i o n  h e r e  t o  any 
o t h e r  c o n d i t i o n  t h a n  t h a t  p e r t a i n i n g  t o  t h e  l i m i t i n g  v a l u e  of 
f (x /6 ) ,  which is u n i t y ,  which is f o r  a l l  p r a c t i c a l  p u r p o s e s  t h e  
v a l u e  o b t a i n e d  when x/6 is  s u f f i c i e n t l y  l a r g e .  

Although t h e  streamwise l o c a t i o n ,  x, which is t o  be  used  
t o  r e p r e s e n t  t h e  d i s t a n c e  cor responding  t o  t h e  r e a t t a c h m e n t  p o i n t  
is n o t  r e a l l y  known beforehand,  n e v e r t h e l e s s  i t  is a p r a c t i c a l  
p rocedure  t o  make t h e  s e l e c t i o n ,  as w a s  done i n  S e c t i o n  11.2.2,  
t h a t  

x -  ‘ 6  
h s i n  Y 
- -  

from which it  f o l l o w s  t h a t  

where X is a numer ica l  c o n s t a n t  t o  be de termined  from expe r imen t .  
T h i s  numer ica l  c o n s t a n t  is t h e  p r o p o r t i o n a l  p a r t  of  t h e  d i s t a n c e  
from B t o  R which r e p r e s e n t s  t h e  f i c t i t i o u s  l e n g t h  a l o n g  which 
c o n s t a n t  p r e s s u r e  mixing h a s  occur red .  

6 
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The downward s h i f t  i n  t h e  j e t  boundary a s  r e p r e s e n t e d  
by  t h e  q u a n t i t y  7 may be  determined by  r e f e r r i n g  back t o  Eq. (6) 
of S e c t i o n  11.1.4.  A f t e r  o b t a i n i n g  7 i t  is t h e n  a s i m p l e  matter 
t o  e v a l u a t e  K = ~ ( 7 . )  by u s e  of Eq. (2 )  o f  S e c t i o n  11.1.0.  On 
t h e  b a s i s  of t h i s  v e l o c i t y  r a t i o  one may t h e n  go on t o  o b t a i n  
t h e  v a l u e  of  t h e  r e q u i r e d  angu la r  d e f l e c t i o n  a t  r e a t t a c h m e n t ,  Y ,  
by means o f  Eq. (10) of S e c t i o n  11.1.1. 

j 

j 

J 

These o u t l i n e d  steps i n  t h e  c a l c u l a t i o n  may be  c a r r i e d  
th rough  i n  a s t r a i g h t f o r w a r d  way b u t  a t  t h e  expense  of  c o n s i d e r a b l e  
computa t iona l  l a b o r .  The whole p r o c e s s  may be c o n s i d e r a b l y  s i m p l i -  
f i e d ,  however, i f  one merely linearizes t h e  e q u a t i o n s .  

With t h i s  o b j e c t  i n  mind, one may now premise  t h a t  e v e r y  
2 q u a n t i t y  of o r d e r  7 may be neg lec t ed ,  and t a k i n g  t h e  b a s i c  

r e f e r e n c e  f low c o n f i g u r a t i o n ,  r e p r e s e n t e d  by G ( q ) , v j ) ,  a s  t h e  
norm from which p e r t u r b a t i o n a l  v a r i a t i o n s  are c o n s i d e r e d  t o  s t a r t ,  
i t  may be s t a t e d  t h a t  

P 

Upon d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  7 of t h e  e x p r e s s i o n s  
P 

f o r  t h e  v e l o c i t y  r a t i o  c q ,  as  given i n  Eq, (2 )  of S e c t i o n  1 1 . 1 . 2 ,  
and o f  t h e  e x p r e s s i o n  f o r  t h e  s t r e a m l i n e  l o c a t i o n s  as  g i v e n  i n  
Eq. ( 6 )  of  S e c t i o n  1 1 . 1 . 4 ,  t h e  fo l lowing  p e r t i n e n t  d i f f e r e n t i a l  
e q u a t i o n s  are o b t a i n e d  (when e v a l u a t i o n  is made f o r  t h e  s p e c i f i c  
case of t h e  basic r e f e r e n c e  c o n f i g u r a t i o n ,  f o r  which 7 = 7. and 

~ ( 7 ~ )  = K). 
r e s u l t s  are t h a t  

- 
- - j J 

The d e t a i l s  are given i n  Appendix 1, b u t  t h e  s i g n i f i c a n t  

c. 
- d  - d  

(.$' e 61 i 61 (g) -7j 

F 6  
. - = - - .  

7-7 j 6 
(.$' e O 1  i F1 (g) -7j 

F 6  
. - = - - .  

7-7 j 6 
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and 

where 

and 

1 1 

where t h e  €jl 

o f  t h e  approaching  f low.  

and 62 are t h e  conven t iona l  boundary l a y e r  t h i c k n e s s e s  
i 

From t h e s e  d i f f e r e n t i a l  c o e f f i c i e n t s  i t  follows t h a t  t h e  
increment  i n  cp is g i v e n  by 

R e f e r r i n g  back t o  the  e x p r e s s i o n  o b t a i n e d  a s  Eq. (12) 
o f  S e c t i o n  11 .2 .3  f o r  t h e  increment i n  t h e  r e q u i r e d  d e f l e c t i o n ,  
6Y, one now o b t a i n s  a v a l u e  which a p p l i e s  i n  t h e  p r e s e n t  case, 
when a boundary l a y e r  i s  p e r t u r b i n g  t h e  f low,  which h a s  t h e  form 

1 - E2 
(') [where Y '  = - - 
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Upon comparing t h i s  e x p r e s s i o n  w i t h  t h e  one p r e s e n t e d  as 

Eq. (14)  i n  S e c t i o n  11 .2 .3  a very remarkable  t h e o r e t i c a l  observa-  
t i o n  comes t o  l i g h t ,  namely, t h a t  

w i t h  t h e  m e r e  r e s t r i c t i o n  t h a t  t h e  r a t i o  X /X must n o t  e q u a l  
u n i t y .  The i n t e r p r e t a t i o n  of  t h i s  r e s u l t  is t h e  f o l l o w i n g :  I f  
t h e  boundary l a y e r  i n  t h e  approaching f low is c h a r a c t e r i z e d  by 

6 q  

a momentum t h i c k n e s s  des igna ted  by t j 2 ,  

boundary l a y e r  on t h e  r e q u i r e d  a n g u l a r  
is e x a c t l y  e q u i v a l e n t  t o  t h e  e f f e c t  of  
i n t o  t h e  dead-water r e g i o n  of amount q 

11.4 - Comparison w i t h  Experiment 

1 1 . 4 . 1  - The Exper imenta l  Set-Up 
The f low arrangement used  i n  

t h e n  t h e  e f f e c t  o f  t h i s  
d e f l e c t i o n  a t  r ea t t achmen t  
a mass i n j e c t i o n  by blowing 

= P 1  u 1  62' 

t h e  expe r imen t s  is r e p r e -  
s e n t e d  s c h e m a t i c a l l y  i n  F igu re  11, w h i l e  a more d e t a i l e d  d e s c r i p -  
t i o n  o f  t h e  a p p a r a t u s  i s  f u l l y  d e s c r i b e d  i n  Reference  5. 

S l i d i n g  m e m b e r s ,  a s  shown, were a b l e  t o  be  p o s i t i o n e d  
a l o n g  t h e  d i v i d i n g  w a l l  of a h a l f - t u n n e l  i n  which t h e  Mach number 
cou ld  b e  s e l e c t e d  as  2 or 3 depending on t h e  n o z z l e  b l o c k .  With 
such  a s e t - u p ,  u t i l i z i n g  wedges which w e r e  movable and which were 
c o n s t r u c t e d  w i t h  a series of d i f f e r e n t  wedge a n g l e s ,  i t  w a s  p o s s i b l e  

t o  change t h e  r ea t t achmen t  angle  of t h e  downstream w a l l ,  q 2 ,  t o  
f i t  t h e  e x p e r i m e n t e r ' s  p r e f e r e n c e .  S ince  t h e  wedge is moveable, 
t h e  e f f e c t i v e  h e i g h t ,  h ,  of the  backward f ac ing  s t e p  is a l so  
v a r i a b l e  a t  t h e  e x p e r i m e n t e r ' s  w i l l  ( s e e  F i g u r e  1 1 ) .  
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Mach number, Mo, 

e i t h e r  2 

r.> 
S l i d i n g  Ram? 

\ . ,\ % . \ \ \ \ \  .. \ \ \ \ \ \ *  

/’//,/’// ’ 7’// / ,’  ,’./,/ /,’,?, , ,‘, ,’/; ’y&’- :edge a,,’,,, q 2 ,  is a d j u s t a b l e  
2% 0’ t o  17’ 

F i g u r e  11 

o v e r  r ange  

Schemat ic  of Exper imenta l  Set-Up for  Studying  Reat tachment  Phenomena 
i n  Two-Dimensional (P lane )  Flow 

Inasmuch as t h e  e x p e r i m e n t a l l y  realizable v a l u e s  of 
M and JI prov ided  by t h e  p h y s i c a l  a p p a r a t u s  w e r e  c o n f i n e d  
w i t h i n  moderate l i m i t s  of v a r i a t i o n ,  i t  t u r n s  o u t  t h a t  t h e  
o b t a i n a b l e  v a l u e s  of t h e  i n v i s c i d  f low Mach number, 
of t h e  c o r n e r ,  l i e  w i t h i n  t h e  r ange  of  2 t o  4 . 2 5 .  

0 2 

M1, downstream 

For each  o f  t h e  geomet r i c  c o n f i g u r a t i o n s  examined, t h e  
e f f e c t s  of  blowing a n d  sucking were observed  by v a r y i n g  t h e  
amount of f l u i d  f l u x  in t roduced  i n t o  t h e  dead-water r e g i o n .  The 
e f f e c t s  produced by having d i f f e r e n t  t h i c k n e s s e s  of t h e  boundary  
l a y e r  approach ing  t h e  rearward f a c i n g  s t e p  were s t u d i e d ,  mean- 
w h i l e ,  merely i n  a r e s t r i c t e d  number of  t y p i c a l  cases. The 
v a r i a t i o n  i n  t h e  r a t i o  of t h e  boundary l a y e r  t h i c k n e s s  a t  t h e  
s h o u l d e r  B w i t h  r e s p e c t  t o  t h e  e f f e c t i v e  h e i g h t  of t h e  r ea rward  
f a c i n g  s t e p ,  b2/h, was a c t u a l l y  o b t a i n e d  hy v a r i a t i o n  o f  t h e  s t e p  
h e i g h t  t h rough  fore- and aft-movement of  t h e  s l i d i n g  wedge. 
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11 .4 .2  - E f f e c t s  of F l u i d  I n j e c t i o n  i n t o  t h e  Dead-Water Region 
The pr imary  o b j e c t i v e  o f  t h e  i n v e s t i g a t i o n  b e i n g  r e p o r t e d  

h e r e  w a s  s t u d y  of  t h e  rea t tachment  behav io r  of t h e  s e p a r a t e d  f low,  
as  a f f e c t e d  by r e l a t i v e l y  weak v a l u e s  of t h e  i n j e c t e d  f l u x  pa rame te r ,  
C . By keeping  t h e  v a l u e  o f  t h i s  parameter  unde r  0 . 0 2 ,  t h e  momentum 
t r a n s p o r t e d  from t h e  secondary  stream a s  it is i n j e c t e d  i n t o  t h e  
dead-water r e g i o n  is p r a c t i c a l l y  i n c o n s e q u e n t i a l ,  so  t h a t  t h i s  
s i t u a t i o n  co r re sponds  c l o s e l y  t o  t h e  s t i p u l a t i o n s  imposed by t h e  
t h e o r y  developed above.  

q 

Reduct ion o f  t h e  expe r imen ta l  d a t a  o b t a i n e d  d u r i n g  t h e  
c o u r s e  of  t h e  expe r imen t s  which covered  t h e  r a n g e  of p a r a m e t e r s  
mentioned i n  t h e  p reced ing  S e c t i o n  1 1 . 4 . 1  h a s  p e r m i t t e d  t h e  c o n s t r u c -  
t i o n  of t h e  f a m i l y  o f  ve ry  s i g n i f i c a n t  c u r v e s ,  r e l a t i n g  t h e  re- 
a t t achmen t  a n g l e  Jr t o  t h e  f l u x  pa rame te r  C as  r e p r e s e n t e d  i n  
F i g u r e s  12 and 13. I n  a l l ,  d a t a  have been o b t a i n e d  f o r  s i x  d i s c r e t e  

q ’  

Mach numbers, M1, r a n g i n g  from 2 . 1 5  t o  3.70. With in  t h e  range of 
c o n d i t i o n s  m e t  d u r i n g  t h e s e  exper iments  t h e  co r re spond ing  v a l u e s  
of t h e  r a t i o  of t h e  boundary l a y e r  t h i c k n e s s  a t  t h e  s h o u l d e r  B t o  
t h e  backward f a c i n g  s t e p  h e i g h t ,  62/h, v a r i e d  o v e r  t h e  range  from 
0.014 t o  0 .021 .  



. 

Figure 12 
Effect of Blowing on Reattachment Angle - Comparison of 

Theory w i t h  Experiment f o r  2 . 1 5 2 M l  L 2 . 6 5  
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Figure  13 

Effect  of Blowing on Reattachment' 
Angle - Comparison of Theory w i t h  
Experiment for Mach Number Range 

3.005 M I L  3 .70  

. 
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For purposes  o f  comparison t h e  t h e o r e t i c a l  d a t a  are 
p l o t t e d  on t h e  same diagrams t o  show t h e  r e s u l t s  o f  a p p l y i n g  t h e  
method expounded i n  S e c t i o n  11 .2 .2 ,  where in  t h e  e m p i r i c a l  c o n s t a n t  
X h a s  been a s s i g n e d  t h e  v a l u e  u n i t y .  
q 

Upon c l o s e r  s c r u t i n y  of t h e s e  r e s u l t s  i t  may be  s e e n  
t h a t  t h e  e f f e c t  o f  blowing on t h e  r ea t t achmen t  a n g l e  is q u i t e  w e l l  
p r e d i c t e d ,  i n  g e n e r a l ,  by t h e  t heo re t i ca l  c a l c u l a t i o n ,  even though 
t h e  s u p p o s i t i o n  is b e i n g  made i n  t h i s  p a r t i c u l a r  t h e o r y  t h a t  t h e  
boundary l a y e r  is n e g l i g i b l e .  The e x p e r i m e n t a l  p o i n t s  do n o t  f a l l  
o f f  t h e  t h e o r e t i c a l  c u r v e s  by much, n o r  do t h e y  d e v i a t e  h a r d l y  a t  
a l l  from t h e  s h i f t e d  t h e o r e t i c a l  c u r v e s  which are o b t a i n e d  from 
t h e  ones  shown by making t h e  va lues  a t  t h e  o r i g i n  c o i n c i d e  and t h e n  
a p p l y i n g  t h i s  AI’ i nc remen ta l  value . to  o t h e r  p o i n t s  a t  a p p r e c i a b l e  
v a l u e s  of C . 

q 

. 
It  is wor th  n o t i n g  a s  a g e n e r a l  p r i n c i p l e  t h a t  when t h e  

Mach number increases t h e  e f f e c t s  on t h e  r e a t t a c h m e n t  a n g l e  are 
c o n s i d e r a b l y  a c c e n t u a t e d .  Furthermore,  i t  may be observed  t h a t  
when t h e  local s l o p e s  of  t h e  curves,- d* 

q 
reduced ,  which is when C h a s  grown large,  t h e n  t h i s  c o n d i t i o n  
c o n s t i t u t e s  a flow regime which is no l o n g e r  l e g i t i m a t e l y  covered  
by  t h e  l i n e a r i z a t i o n  assumption, w i t h  consequent  r e s t r i c t i o n  i n  t h e  
u n i v e r s a l i t y  of t h e  a p p l i c a t i o n  of t h i s  approximat ion .  

become s i g n i f i c a n t l y  dC ’ 

q 

I t  may be a f f i r m e d ,  l i k e w i s e ,  from t h i s  comparison of 

t h e o r y  and exper iment  t h a t  t h e  i n i t i a l  s l o p e s  o f  t h e  

q 
e x p e r i m e n t a l  c u r v e s  are i n  general s u b s t a n t i a l l y  smaller t h a n  
t h o s e  p r e d i c t e d  by t h e  t h e o r y .  T h i s  d e v i a t i o n  from t h e  expec ted  
b e h a v i o r  may be a t t r i b u t e d  mainly t o  t h e  p r e s e n c e  of  an  a p p r e c i a b l e  
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boundary l a y e r  i n  t h e  p h y s i c a l  expe r imen t ,  as  w i l l  be  more c l e a r l y  
b rough t  o u t  i n  subsequent  d i s c u s s i o n  o f  t h i s  phase  of t h e  r e s e a r c h  
on t h e  r ea t t achmen t  problem. 

11 .4 .3  - E f f e c t  of t h e  Boundary Layer  and Comparison w i t h  t h e  
E f f e c t  Produced by Secondary I n j e c t i o n  

I n  t h e  expe r imen ta l  set-up s e l e c t e d  f o r  t e s t  t h e  two 
Mach numbers downstream and upstream o f  t h e  c o r n e r  expans ion ,  
and M o ,  are p r a c t i c a l l y  t h e  same, and t h e y  had t h e  common v a l u e  
3.0. Consequent ly ,  h a r d l y  any p e r t u r b a t i o n  t o  t h e  e x t e r n a l  
i n v i s c i d  f low w a s  i n  o p e r a t i o n  t o  a l t e r  i n  any a p p r e c i a b l e  way 
t h e  f l o w  n e a r  t h e  s h o u l d e r  B of t h e  rearward  f a c i n g  s t e p  (see 
F i g u r e  1 1 ) .  Furthermore,  under t h e s e  c o n d i t i o n s  i t  is  p o s s i b l e  
t o  de t e rmine  t h e  c h a r a c t e r  o f  t h e  boundary l a y e r  i n  t h e  approaching  
f low by d i r e c t  expe r imen ta l  p robing  o f  t h e  v e l o c i t y  p r o f i l e s .  

Furthermore,  i n  t h i s  arrangement  where t h e  p r e s s u r e s  
ups t r eam and downstream of t h e  s h o u l d e r  B are k e p t  e q u a l ,  t h e r e  
is v e r y  l i t t l e  tendency for any d i s t u r b i n g  s i d e - w a l l  boundary 
l a y e r  e f f e c t s  of any s i g n i f i c a n c e  t o  i n t r u d e  i n t o  t h e  p i c t u r e  
b e e  Reference  e Consequently,  t h i s  e l i m i n a t i o n  of d i s t u r b i n g  
f a c t o r s  g i v e s  t h e s e  p a r t i c u l a r  expe r imen t s  a v e r y  d e s i r a b l e  p u r i t y .  

I n  F igu re  14 are p r e s e n t e d ,  f i r s t  o f  a l l ,  t h e  theo-  
r e t i c a l  cu rve  f o r  t h e  rea t tachment  a n g l e  as  e f f e c t e d  by b lowing ,  

Y(Cq = 0,  = 0 b u t  w i t h o u t  a boundary l a y e r ,  and t h e  cor- 
62 ) 

r e spond ing  graph showing t h e  e f f e c t  of  t h e  boundary l a y e r ,  b u t  

w i t h o u t  blowing , . In  t h e  f i r s t  p l a c e  i t  may b e  

a f f i r m e d  from t h e  e v i d e n t  c l o s e n e s s  o f  t h e s e  c u r v e s  t h a t  t h e  
e f f e c t  on t h e  r ea t t achmen t  angle  is n e a r l y  t h e  same whether  
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produced by blowing or t h e  boundary l a y e r ,  p rov ided  t h e  e m p i r i c a l  
s h i f t i n g  f a c t o r s  X 6  and X are  e q u a l .  T h i s  close cor respondence  
of  t h e  r o l e s  p l ayed  by t h e  blowing and by t h e  boundary l a y e r  t h u s  
e x t e n d s  t o  a wide r  r ange  of  u s e f u l l n e s s  t h e  r a t h e r  remarkable  
p r o p e r t y  which w a s  no ted  t o  hold t r u e  i n  mathemat ica l  r i g o r ,  i n  
S e c t i o n  11.3.3, o n l y  f o r  a s m a l l  amount of blowing and f o r  a 
t h i n  boundary l a y e r ,  l e e . ,  for c o n d i t i o n s  o n l y  s l i g h t l y  removed 
from t h e  b a s i c  r e f e r e n c e  f low c o n f i g u r a t i o n .  

q 

Consequent ly ,  i t  is now p e r m i s s i b l e  t o  e x p r e s s  t h e  re- 
q u i r e d  a n g u l a r  d e f l e c t i o n  o c c u r r i n g  a t  r ea t t achmen t  i n  t h e  f o l l o w i n g  
manner 

Y = f ( C  q 1 + f(2)+ f i (  cq, 2) 
where t h e  f f u n c t i o n  c a n  s e r v e  t o  r e p r e s e n t  e i t h e r  t h e  e f f e c t  of 

blowing o r  t h e  e f f e c t  o f  t h e  boundary l a y e r ,  i n t e r c h a n g e a b l y ,  
and where t h e  f i  f u n c t i o n  is a n  ad jus tmen t  t e r m  which i n d i c a t e s  
t h e  i n t e r f e r e n c e  effect  of t h e  two v a r i a b l e s  on t h e  r e a t t a c h m e n t  
a n g l e  when o p e r a t i n g  s imul t aneous ly .  

The above-mentioned behavior  of  t h e  computed r e s u l t s  
may now be  used  t o  good advantage i n  e x p l a i n i n g  t h e  e x p e r i m e n t a l  
r e s u l t s  which a l so  have been p l o t t e d  i n  F i g u r e  14 .  The e x p e r i -  

menta l  d a t a  f a l l  i n t o  t h r e e  groups.  There is a s i n g l e  p i e c e  o f  

c u r v e ,  ( 2, Cq = 0). which r e p r e s e n t s  t h e  boundary l a y e r  e f fec ts  

for no  blowing,  w h i l e  t h e r e  are two groups of d a t a  of t h e  form - 

, which show t h e  blowing e f f e c t s  a t  t w o  d i f -  

f e r e n t  v a l u e s  f o r  t h e  boundary l a y e r  t h i c k n e s s  ( t h e  open and 
c l o s e d  c i rc les  i n  F i g u r e  1 4 ) .  

. 
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I I 

1' 
L Boundary-Laygr Ef fec t ]  Runerimant 

--\ 

Boundary-Layer 'E f fec t  -- I .  
' - -  Blowin'n E f f e c t  

E f f e d t  of Blowing and of t h e  Boundary Layer  Size 'on Re'attach- 
ment Angle - Comparison w i t h  Experiment a t  M1 = 3.0 

F i r s t  of a l l  t h e  o b s e r v a t i o n  may be  made t h a t  t h e  e f f e c t  
o f  t h e  secondary  f l u i d  i n j e c t i o n  on t h e  r e a t t a c h m e n t  a n g l e  Y(C ). 

is clear and unmis t akab le ,  p a r t i c u l a r l y  i n  t h e  neighborhood of 
t h e  o r i g i n ;  i . e . ,  f o r  f l u x  p a r a m e t e r s  C 0.006.  When t h e  
t h e o r e t i c a l  c u r v e  (s t i l l  being c o n s i d e r e d  as a f u n c t i o n  of t h e  
secondary  f l u i d  i n j e c t i o n  parameter) is compared w i t h  t h e  e x p e r i -  
m e n t a l  d a t a  (open c i r c l e s )  i t  is obv ious  t h a t  t h e  slope dC 

q 
obse rved  from exper iment  is  less t h a n  t h a t  p r e d i c t e d  t h e o r e t i c a l l y  

q 

q- 

dY 

I f o r  v a l u e s  o f  t h e  boundary l a y e r  t h i c k n e s s  n e a r  5 Z 0.017, w h i l e  
h 

0.008, t h e  f o r  t h i n  e f f e c t i v e  boundary l a y e r s  f o r  which = 

s l o p e s  of t h e  t h e o r e t i c a l  and e x p e r i m e n t a l  c u r v e s  t u r n  o u t  t o  be  
q u i t e  c l o s e l y  t h e  same. 

62 

Such p rogres s ive .  s h i f t s  i n  t h e  l e v e l  o f  t h e  e x p e r i m e n t a l  - - 

data  may be  i n t e r p r e t e d  a s  governed by t h e  d e r i v a t i v e  
Y- 

of t h e  ad jus tmen t  t e r m ,  which a c c o u n t s  for \  t h e  i n t e r f e r e n c e  e f f e c t  
between t h e  t w o  v a r i a b l e s ,  as r e p r e s e n t e d  i n  Eq. (1 )  of  t h i s  
sect i o n .  
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The p r a c t i c a l  u s e f u l n e s s  of  knowing t h e  v a l u e  o f  t h i s  
d e r i v a t i v e  c a n ,  a s  w e l l ,  be a p p r e c i a t e d  by n o t i n g  i t s  e f f e c t  i n  
c a u s i n g  t h e  d ive rgence  between t h e  e x p e r i m e n t a l  and t h e o r e t i c a l  
r e s u l t s  p r e s e n t e d  i n  F i g u r e s  1 2  and 13. 

T h i s  i n fo rma t ion  h a s  v a l u a b l e  u t i l i t y  i n  e s t a b l i s h i n g  
a working r u l e  which w i l l  b e  v a l i d  w i t h i n  e n g i n e e r i n g  accu racy .  
The f u n c t i o n  f ( C  ) which r e p r e s e n t s  t h e  e f f e c t  o f  secondary  f l u i d  
i n j e c t i o n  on t h e  a t t achmen t  angle  e v i d e n t l y  s e r v e s  v e r y  w e l l  t o  
s t a n d  for t h e  rea l  v a r i a t i o n  of I w i t h  a p p r e c i a b l e  amounts of 
b lowing ,  up t o  as i n t e n s e  a ra te  as  t h a t  i n d i c a t e d  by C = 0.02 ,  
even though a f a i r l y  s i z e a b l e  va lue  o f  t h e  r a t i o  of  boundary 
l a y e r  t o  s t e p  h e i g h t  is allowed t o  come i n t o  p l a y .  T h i s  con- 
v e n i e n t  r e p r e s e n t a t i o n  of t h e  t r u e  s t a t e  of  a f f a i r s  would appea r  
t o  imply t h a t ,  i n  f irst  approximat ion ,  t h e  i n t e r f e r e n c e  ad jus tmen t  
t e r m  f i  ( Cq,%) must b e  r e l a t i v e l y  i n s i g n i f i c a n t  i n  comparison 

w i t h  t h e  main govern ing  f u n c t i o n  f .  

q 

q 

I n  a d d i t i o n ,  i t  is easy t o  see i n  F i g u r e  14 t h a t  t h e r e  
is a s h i f t ,  AY, i n  t h e  o r d i n a t e  i n t e r c e p t s ,  between t h e  two c u r v e s  
r e p r e s e n t i n g  t h e  two d i f f e r e n t  v a l u e s  of  t h e  boundary l a y e r  t h i c k -  
n e s s  r a t i o ,  e2/h, used  i n  t h e  exper iments .  T h i s  s h i f t  l o g i c a l l y  
can  b e  a t t r i b u t e d  t o  t h e  co r re spond ing  s h i f t  i n  t h e  a t t achmen t  
a n g l e  produced by i n f l u e n c e  of t h e  boundary l a y e r ,  a c c o r d i n g  t o  a 
l a w  a l s o  r e p r e s e n t e d  by f (  %j9 as i n d i c a t e d  i n  Eq. 1 immediately 
above 

The expe r imen ta l  i n v e s t i g a t i o n  o f  t h e  boundary l a y e r  - ~ 

effect  on t h e  r ea t t achmen t  angle  t o  de t e rmine  Y = 

c a r r i e d  o u t  f o r  o n l y  a l i m i t e d  range  of t h e  v a r i a b l e  2, and,  
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u n f o r t u n a t e l y ,  t h e  beg inn ing  of t h e  i n t e r v a l  w a s  f a i r l y  f a r  re- 
moved from t h e  o r i g i n ,  because ,  w i t h  t h e  p a r t i c u l a r  expe r imen ta l  
s e t - u p  a v a i l a b l e  f o r  these tests, it  w a s  n o t  p o s s i b l e  t o  reduce  
t h e  F2/h r a t i o  t o  any v a l u e  s m a l l e r  t h a n  0.008. 

Within t h e  r e s t r i c t i o n s  imposed by t h i s  narrow range  

o f  t h e  v a r i a b l e  t h a t  was i n v e s t i g a t e d ,  i t  may be  n o t e d  above a l l  
e lse  t h a t  t h e  s i z e a b l e  d isp lacement  which is e x h i b i t e d  between . 
t h e  expe r imen ta l  and t h e o r e t i c a l  c u r v e s  c a n ,  n e v e r t h e l e s s ,  be  
accounted  for by a s imple  v e r t i c a l  t r a n s l a t i o n ,  r e p r e s e n t e d  by 
a c o r r e c t i o n  f a c t o r  AY. I f  such a t r a n s l a t i o n  were t o  be  c a r r i e d  
o u t  on an a n a l y t i c  b a s i s  it would appea r  r e a s o n a b l e  t o  t r y  f i r s t  
o f  a l l  t o  e x t r a p o l a t e  t h e  r e l a t i v e l y  s h o r t  r ange  of  e x p e r i m e n t a l  
d a t a  a c t u a l l y  cove red ,  i n  o r d e r  t o  o b t a i n  an e x p e r i m e n t a l  v a l u e  

62 of  t h e  i n t e r c e p t ,  i . e . ,  t o  o b t a i n  Y (". = 0) ,  where T = O  is 
t h e  o r d i n a t e  a x i s .  
f o r  r e l a t i n g  t h e  d e f l e c t i o n  angle  a t  r ea t t achmen t  t o  t h e  boundary 
l a y e r  t h i c k n e s s  r a t i o  would now be brought  i n t o  p l a y  i n  t r y i n g  
t o  produce  an  "ad jus t ed"  cu rve  going  through t h e  so-determined 
e x p e r i m e n t a l  i n t e r c e p t  and s h i f t e d  t h i s  same c o n s t a n t  amount for 
a l l  p o i n t s  a l o n g  t h e  F2/h a x i s .  U n f o r t u n a t e l y ,  t h e  i n t e r c e p t  
v a l u e  f o r  t h e  expe r imen ta l  p o i n t s  found b y  such  an  e x t r a p o l a t i o n ,  
I, is exceed ing ly  f a r  above the  i n t e r c e p t  v a l u e  g i v e n  by t h e o r y .  

The theoretical  ' f u n c t i o n  which w a s  o b t a i n e d  

- 

Although t h i s  r e s u l t  is o n l y  e s t a b l i s h e d  on  t h e  b a s i s  
of r e l a t i v e l y  few data  it  seems t o  be  s u p p o r t e d  by a d d i t i o n a l  
e v i d e n c e ,  inasmuch as  t h e  i n t e r c e p t  v a l u e s  Y ( C - 0)which were 
found i n  F i g u r e s  12  and 13 f o r  t h e  case of  l a r g e  v a l u e s  o f  6 /h 
were j u s t  s l i g h t l y  above t h e  theore t ica l  v a l u e s  of f f o r  
M1> 2 .35.  

2 
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It appears inescapable, therefore that the expression 
deduced as Eq. (8) in Section 11.2.1 for the required angular 
deviation for reattachment should be reconsidered. With this end 
in mind it seems imperative to carry out new experimental studies 
also, in which much reduced values of the variable €j2/h can be 
obtained. The experimental set-up should also be redesigned so 
as to eliminate, insofar as is possible, the three-dimensional 
disturbances originating from the boundary layers which grow up 
along the side walls. 

111. Effect of Certain Curvature Factors on Reattachment 

111.1 - Theoretical Approach to the Problem 

111.1.1 - Essential Features of the Proposed Method 

at reattachment has been found to have the following form 
So far in the discussion the required angular deflection 

I = Y (Ml, cq, h’ 62 wm) 

but the specific functional relationships which have been deduced 
have all hinged on the supposition that the flow after the 
corner expansion, represented by the Mach number M1, is rigorously 
uniform, two-dimensional, and isobaric along the mixing region. 
It is the object of this part of the paper to extend the region 
of validity of this relationship in order to encompass those cases 
where certain curvature factors enter into the picture to alter 
the contour of the jet-like flow. 

The method of characteristics is available for the study 
of the expansion processes taking place in the external inviscid 
flow as it passes the point B. This well-known method may be used 
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t o  f i n d  t h e  i n i t i a l  c u r v a t u r e  X1 o f  t h e  j e t  boundary a s  a f u n c t i o n  
o f  t h e  s e v e r a l  c u r v a t u r e  f a c t o r s  which c o u l d  come i n t o  p l a y  t o  up- 
s e t  t h e  o t h e r w i s e  o r d e r e d  f low downstream of t h e  j e t  b a s e .  These  
r e l a t i o n s h i p s  which a p p l y  o n l y  r i g o r o u s l y  f o r  a two-dimensional 
p l a n e  f low can  c o n t i n u e  t o  be  used f o r  a l l  p r a c t i c a l  pu rposes  when 
t h e  c o n f i g u r a t i o n  is a c t u a l l y  a body of r e v o l u t i o n .  The i n i t i a l  
c u r v a t u r e  a f t e r  t h e  expans ion ,  X1, may be  c o n s i d e r e d ,  t h u s ,  a s  
t h e  pr imary  pa rame te r  r e p r e s e n t i n g  t h e  d i s t o r t i o n  of t h e  j e t - l i k e  
f low from t h e  fundamental  r e f e r e n c e  c o n f i g u r a t i o n .  If t h i s  i n i t i a l  
c u r v a t u r e  remains  c o n s t a n t ,  then  t h e  a n g l e  of t h e  f l o w ,  $, a t  
any s e l e c t e d  downstream p o s i t i o n  from B,  having  an  a b s c i s s a  denoted  
b y  x ,  w i l l  be  p r o p o r t i o n a l  t o  t h i s  d i s t a n c e ;  i . e . ,  

I n  t h e  more g e n e r a l  ca se  where t h e  c u r v a t u r e  X1 v a r i e s  
a s  one p r o g r e s s e s  down t h e  j e t ,  t h e  local  f low a n g l e  may be  expres sed  
a s  

Jr = Jr, + x - x x1 

where w i l l  be a f u n c t i o n  o f  x i n  g e n e r a l ,  so t h a t  t h e  deg ree  of 
i ts  d e v i a t i o n  from u n i t y  w i l l  i n d i c a t e  t h e  deg ree  of v a r i a t i o n  o f  
t h e  local  c u r v a t u r e  from t h e  nominal v a l u e  X1. 

L e t  Jr2  be  t h e  a n g l e ,  measured w i t h  r e s p e c t  t o  t h e  d i r e c -  
t i o n  of t h e  approaching  u n d i s t u r b e d  r e f e r e n c e  f low,  t h a t  t h e  

r e a t t a c h e d  f l o w  takes f i n a l l y ,  and l e t  h r e p r e s e n t  t h e  h e i g h t  of  
t h e  rearward f a c i n g  s t e p  a t  detachment ,  so t h a t  t h e  f o l l o w i n g  
s k e t c h  can  s e r v e  t o  r e p r e s e n t  t h e  e l emen t s  of  t h e  f low c o n f i g u r a t i o n  
u n d e r  s t u d y :  
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, 

Although t h e  e f f e c t s  of c u r v a t u r e  factors  on t h e  re- 
a t t achmen t  may b e  compl ica ted ,  i t  is b e s t  t o  p roceed  w i t h  an  
approx ima t ion  a n a l y s i s  based on t h e  a p r i o r i  assumpt ion  t h a t  t h e  
b e h a v i o r  of t h e  flow can be e x p r e s s e d  i n  t h e  form 

h cos $2 

s i n  Y ' x1 Y(M1, Cq ...) 0, - $l - A  (1)  

h c o s  $2 

s i n  Y 
where t h e  q u a n t i t y  i n  t h i s  e x p r e s s i o n  is approx ima te ly  
e q u a l  t o  t h e  l e n g t h  of j e t  boundary from B t o  R.  

is  > 0 if t h e  c u r v a t u r e  of t h e  BR boundary is concave upward. 

Note t h a t  X1 

I t  is be ing  t a c i t l y  premised i n  w r i t i n g  Eq. (1) i n  t h e  
form g i v e n  above t h a t  t h e  p e r t u r b a t i o n s  produced i n  t h e  f l o w  are 
a c t i n g  a long  t h e  e n t i r e  l e n g t h  o f  t h e  BR boundary.  If t h i s  is n o t  
s o ,  t h e n  a t  least  t h e  x d i s t a n c e  a l o n g  which t h e  c u r v a t u r e  effect  
is n o t i c e a b l e  w i l l  be  l e s s - t h a n  BR, and t h i s  l e n g t h  s h o u l d  be 

i n t r o d u c e d  i n p l a c e  of t h e  t e r m  h cos $,-/sin Y .  

I 

I t  w i l l  be  demonstrated by s u p p o r t i n g  e x p e r i m e n t a l  
r e s u l t s  t h a t  a c u r v a t u r e  i n f l u e n c e  f u n c t i o n  h(M1) e x i s t s ,  such  
t h a t  Eq. (1)  allows one t o  compute,  t o  good approx ima t ion ,  what 
t h e  r ea t t achmen t  c o n d i t i o n s  w i l l  b e  i n  a great  v a r i e t y  of cases. 
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Before l aunch ing  i n t o  a g e n e r a l  f r o n t a l  a t tack t o  s o l v e  
t h i s  problem, l e t  a t t e n t i o n  be  d i r e c t e d  first t o  t h e  f o l l o w i n g  
s imple  p a r t i c u l a r  expe r imen ta l  s i t u a t i o n  which w i l l  throw a good 
d e a l  o f  l i g h t  on t h e  s u b j e c t  under  examina t ion  ( s e e  F i g .  15). 

. 
F i g u r e  15 

Diagram Showing How Curvature  A f f e c t s  Rea t tachment ,  i n  Two-Dimensional 
(P lane )  Flow. Concept Is G e n e r a l ,  D e s p i t e  Wedge I l l u s t r a t i o n .  

I C o n s i d e r  a two-dimensional wind- tunnel  which p roduces  a uni form f low 
a t  a Mach number of Mo upstream of t h e  s h o u l d e r  B. 
n o t h i n g  f u r t h e r  i n t e r v e n e s ,  t h e  f low downstream of B shou ld  follow 
t h e  s t a n d a r d  p a t h  of detachment and r ea t t achmen t  i n  s u c h  f a s h i o n  a s  . 

Fur the rmore ,  i f  

~ t o  r e p r e s e n t  t h e  fundamental  r e f e r e n c e  f low,  where t h e  p r e s e n c e  
h e r e  o f  any boundary l a y e r  is b e i n g  i g n o r e d .  If one now i n t r o d u c e s  
i n t o  t h e  f l o w ,  a t  a p o i n t ' s u c h  as A ,  a f l a t  p l a t e  a i r f o i l  ( w i t h  
l e a d i n g  edge a t  A )  which can be r o t a t e d  t o  produce  v a r i o u s  n e g a t i v e  
i n c i d e n c e  a n g l e s , e , a t  w i l l ,  t h e n  t h i s  p l a t e  a t  v a r i o u s  s e t t i n g s  
w i l l  ac t  t o  produce an  expansion wave, downstream from B ,  which w i l l  
p l a y  t h e  role of a c u r v a t u r e  fac tor  i n  i n f l u e n c i n g  t h e  j e t  p a t h  
c o n t o u r .  

. 
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The p e r t i n e n t  t h e o r e t i c a l  a n a l y s i s  f o r  t h i s  s i t u a t i o n  
is v e r y  e l emen ta ry .  I f  one  c o n s i d e r s  f i r s t  of a l l  t h e  case where 
t h e  a n g u l a r  s e t t i n g s  of t h e  f l a t  p l a t e  are o n l y  s l i g h t l y  i n c l i n e d  
t o  t h e  on-coming f low,  t h e n  t h e  e n t i r e  expans ion  wave emanat ing 
from A w i l l  be  r e f l e c t e d  from the  j e t  boundary,  a s  shown i n  
F i g u r e  15. From t h e  method o f  charac te r i s t ics  it  w i l l  be  s e e n  
a t  once t h a t  t h e  a n g u l a r  induced d e v i a t i o n  of t h e  j e t - l i k e  boundary 
is 2 c ,  if t h i s  boundary is cons ide red  t o  b e  a n  isobaric  l i m i t i n g  
l i n e .  Consequent ly ,  t h e  angu la r  d i r e c t i o n  a t  r e a t t a c h m e n t ,  Y ,  is 
g i v e n  by t h e  f o l l o w i n g  expres s ion  ( f o r  t h e  s p e c i a l  case where QZ 
has been t aken  t o  be z e r o ) :  

On b a s i s  of  t h i s  r e s u l t  it may be s e e n  t h a t  MI is a 
f u n c t i o n  o f  c ,  i f  t h e  ups t ream u n d i s t u r b e d  Mach number is assumed 
f i x e d  i n  v a l u e .  

A s  c grows l a r g e r  and l a r g e r  ( a s  t h e  f l a t  p l a t e  is 
r o t a t e d  more and more from t h e  z e r o  p o s i t i o n )  t h e  i n v i s c i d  f low 
Mach number, M1, i n c r e a s e s ,  and t h u s  t h e  s t a t i c  p r e s s u r e  p 
d e c r e a s e s .  A t  t h e  s a m e  t i m e  t h e  s t a g n a t i o n  p o i n t  R moves u p s t r e a m ,  
w h i l e ,  c o n v e r s e l y ,  t h e  expansion f a n  s p r e a d s  f a r t h e r  and f a r the r  

downstream. Consequent ly ,  i t  t u r n s  o u t  t h a t  a l i m i t i n g  i n c i d e n c e  
a n g l e  f o r  t h e  f l a t  p l a t e  w i l l  be r eached ,  af ter  which no f u r t h e r  
change i n  t h e  c u r v a t u r e  e f f e c t s  shou ld  be  n o t i c e a b l e .  If it is 
imagined t h a t  t h e  mixing zone a long  t h e  j e t - l ike  boundary is v e r y  
t h i n  and i f  t h e  r e g i o n  of  rea t tachment  is narrowed down t o  t h e  
p o i n t  R,  t h e n  it  is clear  t h a t  t h e  f irst  a t t a i n m e n t  of  t h e  l i m i t i n g  
i n c i d e n c e  a n g l e  mentioned above c o r r e s p o n d s  t o  t h e  s p r e a d i n g  of 
t h e  l a s t  r a y  of t h e  expans ion  f a n  from A j u s t  f a r  enough downstream 
t o  f irst  i n t e r s e c t  t h e  p o i n t  R a t  t h i s  f a r t h e s t  downstream p o i n t  

1 
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o f  t h e  j e t - l i ke  boundary. The f low p a t t e r n  f o r  such  an i d e a l i z e d  
s i t u a t i o n  can  be  de te rmined  by t h e  method of c h a r a c t e r i s t i c s .  

An encourag ing ly  c l o s e  comparison between t h e o r y  and 
e x p e r i m e n t a l  r e s u l t s  is p r e s e n t e d  i n  F i g u r e  16. The t h e o r e t i c a l  
c u r v e  i n  t h i s  p l o t  h a s  been o b t a i n e d  unde r  t h e  s i m p l i f y i n g  h y p o t h e s i s  
t h a t  t h e  r e q u i r e d  a n g u l a r  d e f l e c t i o n  a t  r e a t t a c h m e n t ,  Y(M1),is n o t  
i n f l u e n c e d  a t  a l l  by t h e  c u r v a t u r e  of t h e  mixing zone.  

- Limi t  i n g  i n c i d e n c e  a n g l e  

F i g u r e  16 
E f f e c t  o f  Induced Mach Number on Curva tu re  of Jet Con tour ,  

f o r  Two-Dimensional (P lane )  Flow, a t  Mo = 2 .0  
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I t  may be  remarked t h a t  i n  t h i s  i n s t a n c e  t h e  t o t a l  change 
brought  about  i n  t h e  v a l u e  of M1, because  o f  t h e  expans ion  pro-  
duced by t h e  rotated f l a t  p l a t e ,  amounts t o  v e r y  s i z e a b l e  inc remen t s ,  
I t  would be  r e a s o n a b l e  t o  expec t ,  t h e r e f o r e ,  t h a t ,  i f  t h e  c u r v a t u r e  
p e r t u r b a t i o n  f a c t o r  X1 is of only moderate  s ize ,  t h e n  t h e  same 
method of  c a l c u l a t i o n  shou ld  c e r t a i n l y  be  sa t i s fac tory  t o  accoun t  
f o r  such  c u r v a t u r e  d i s t u r b a n c e s  b rough t  about  d u r i n g  t h e  p r o c e s s  
of r e a t t a c h m e n t .  

I n  t h e  case of  a flow su r round ing  a body of r e v o l u t i o n ,  
t h e  r i g o r o u s l y  e x a c t  working out of  a n  e q u i v a l e n t  p rocedure  a s  
t h a t  j u s t  d e s c r i b e d  would e n t a i l  a g r e a t  d e a l  of  l a b o r ,  On t h e  
o t h e r  hand, i t  may be  remarked t h a t  i n  t h e  case of a body of 
r e v o l u t i o n  t h e  i n t e n s i t y  of t he  p e r t u r b a t i o n s  which might b e  
encoun te red  i n  any  f o r e s e e a b l e  p r a c t i c a l  case would t e n d  t o  be  
much less s t r o n g  t h a n  i n  t h e  s i t u a t i o n  j u s t  d e s c r i b e d  which per -  
t a i n e d  t o  two-dimensional f low. 

These p r e l i m i n a r y  o b s e r v a t i o n s  w i l l  s u f f i c e  f o r  t h e  
p r e s e n t  t o  i n d i c a t e  t h e  s i g n i f i c a n c e  o f  Eq. ( 1 ) .  I t  is t h e  o b j e c t  
of t h e  d i s c u s s i o n  t o  f o l l o w  t o  retrace t h e  development i n  more 
d e t a i l  i n  order t o  make these  r e l a t i o n s  more p r e c i s e  and u s e f u l ,  

111 .1 .2  - Determina t ion  o f  t h e  I n i t i a l  Curva tu re  of t h e  S t r e a m l i n e s  
i n  t h e  Detached Jet-Like Flow 
The p h y s i c a l  s i t u a t i o n  t o  be  ana lyzed  f i r s t  is t h a t  of 

a s u p e r s o n i c  i n v i s c i d  stream which is c o u r s i n g  a l o n g  t h e  forward  
s u r f a c e  of  a rearward f a c i n g  s t e p ,  whe the r  r e p r e s e n t i n g  a t w o -  
d imens iona l  c o n f i g u r a t i o n  o r  a body of  r e v o l u t i o n  w i t h  cen t r a l  
a x i s  c o i n c i d i n g  w i t h  t h e  c o o r d i n a t e  a x i s  0%. I n  t h e  r e g i o n  o f  
t h e  f low which l i es  ups t ream of t h e  detachment o c c u r r i n g  a t  t h e  
s h o u l d e r  B t h e  n a t u r e  of t h e  f l o w  may be  s p e c i f i e d ,  i n  a l l  r e s p e c t s  
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having  any b e a r i n g  on t h e  character of t h e  subsequent  l o c a l  
develdpments  of  i n t e r e s t  i n  t h i s  s t u d y ,  by e v a l u a t i o n  o f  t h e  
f o l l o w i n g  pa rame te r s :  Mach number, Mo; t h e  d i r e c t i o n ,  Jlo, and 
t h e  c u r v a t u r e  Xo of  t h e  contour  of  t h e  c o n s t r a i n i n g  w a l l  a t  B; 
t h e  t a n g e n t i a l  g r a d i e n t  of p r e s s u r e ,  and t h e  normal g r a d i e n t  of 
e n t r o p y  t h e r e ,  deno ted ,  r e s p e c t i v e l y  a s  

s =-(2) 1 
= - -  and 

"0 YR 0 
a t  

These s t a r t i n g  va lues  can  be  computed by having  r e c o u r s e  
t o  r i g o r o u s  c a l c u l a t i o n a l  .. procedures  such a s  g i v e n  i n . R e f e r e n c e  3, 
or t h e y  cou ldebe  determined e x p e r i m e n t a l l y  by measurements made '  
i n  t h e  wind t u n n e l .  
p u r p o s e s  t h a t  t h e s e  q u a n t i t i e s  have been e v a l u a t e d  i n  some f a s h i o n  
p r i o r  t o  t h e  t i m e  when t h e  need f o r  t h e i r  v a l u e s  c r o p s  up  i n  what  
fo l lows .  

In  any e v e n t ,  i t  w i l l  be assumed fo r  p r e s e n t  

L F i g u r e  17 

Geometric and Aerodynamic F a c t o r s  P e r t u r b i n g  t h e  
, A x i a l l y  Symmetric Flow P a s t  a Blunt-Ended Body 
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I n  o r d e r  t o  d e s c r i b e  how t h e  f low behaves i n  expanding 
around t h e  s h o u l d e r  B ( s e e  F igure  17)  some r e s u l t s  p r e v i o u s l y  
d i s c u s s e d  i n  Reference 3 w i l l  be r e c a l l e d  and ,  i n  a d d i t i o n ,  t h e  
f o l l o w i n g  n o t a t i o n  w i l l  be in t roduced :  

1 
P a = arc s i n  

du - dX = d $  

dp  + dX = - cot a 7 = dP I 
where X and u a r e  t h e  e p i c y c l i c  c o o r d i n a t e s  p e r t a i n i n g  t o  t h e  
hodograph p l a n e ,  and where s S/(yR) is t h e  reduced e n t r o p y .  

Now i f  4, and m r e p r e s e n t  t h e  c u r v i l i n e a r  c o o r d i n a t e s  
of a p o i n t  i n  t h e  p l a n e  of t h e  f l o w  which is marked o f f  by a g r i d  
of Mach l i n e s ,  i t  may be  shown t h a t ,  f o r  a x i a l l y  symmetric f lows, 
t h e  f o l l o w i n g  system of governing e q u a t i o n s  is v a l i d ,  where y 
r e p r e s e n t s  t h e  d i s t a n c e  of t h e  s t r e a m l i n e  from t h e  a x i s  of  symmetry: 

s i n  a cos a as - s i n  a s i n  Y 1 . -  
2 n 2 9 I 

s i n  a c o s  a as s i n  a s i n  Y 1 - -  . -  
2 a m  2 9 

I n  t h e  case of  a two-dimensional p l a n e  f low t h e  same 
fo rmulas  govern t h e  v a r i a b l e s  but  t h e  t e r m s  i n v o l v i n g  y merely 
must be dropped.  
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I f  X is now used  t o  denote  t h e  loca l  c u r v a t u r e  of  a 
s t r e a m l i n e  it is found t h a t  t h e  f o l l o w i n g  r e l a t i o n  must ho ld  t r u e  

‘Os ” ‘n 2 x cos u - % -  + s i n  2 

and t h i s  is so r e g a r d l e s s  o f  whether t h e  case i n  q u e s t i o n  r e f e r s  
t o  two-dimensional p l a n e  f low o r  t o  a x i a l l y  symmetric f low.  

The t h e o r e t i c a l  problem which must now be  s o l v e d  c o n s i s t s  
t h e n  i n  c a r r y i n g  o u t  an examinat ion of  t h e  local  f low phenomena 
which take p l a c e  d u r i n g  an expansion around t h e  s h o u l d e r  B in 
o r d e r  t o  be a b l e  t o  de te rmine  w h a t  t h e  v a l u e s  o f  $f, am, and sn 
become a f t e r  t h i s  expans ion  occurs .  

Such a s t u d y  w i l l  be  found t o  lead t o  t h e  f o l l o w i n g  
formula  f o r  t h e  i n i t i a l  c u r v a t u r e  X1 o f  t h e  f low a f t e r  t h e  expans ion  
h a s  o c c u r r e d :  

r I 

“2 
X 1 = a  -1 X 0 f T + a 3 s n  0 + a4 Go 

The c o e f f i c i e n t s ,  ai,  which  have been i n t r o d u c e d  i n t o  
t h i s  e q u a t i o n  are d e s c r i b e d  i n  d e t a i l  i n  t h e  Appendix . I t  may 
be  no ted  t h a t  t h e y  r e p r e s e n t  f u n c t i o n s  of  t h e  form 

* 

I n  t h e  case of two-dimensional p l a n e  f low t h e  c o e f f i c i e n t  
a2 d i s a p p e a r s ,  and t h e  e x p r e s s i o n  as g iven  i n  t h e  Appendix 2 for X1 
is r i g o r o u s l y  t r u e ,  u n l i k e  t h e  case f o r  a x i a l l y  s y m m e t r i c  f l o w ,  which 
is o n l y  an  approximat ion .  

* 
The numer i ca l  e v a l u a t i o n  of t h e s e  c o e f f i c i e n t s  h a s  been c a r r i e d  o u t  
by t h e  ONERA computing s t a f f ;  t h e  r e s u l t i n g  t a b l e s  may be  o b t a i n e d  
by i n q u i r y  t o  t h i s  o f f i c e .  
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In t h e  case of  an  a x i a l l y  symmetric f low t h e  symbol D 
r e p r e s e n t s  t h e  d i ame te r  of  t h e  c i r c u l a r  c r o s s - s e c t i o n  o f  t h e  b a s e  
from which t h e  s e p a r a t i o n  is t a k i n g  p l a c e .  The e x p r e s s i o n  p re -  
s e n t e d  i n  Eq. (2 )  is no t  t r u l y  r i g o r o u s  i n  t h i s  i n s t a n c e ,  because  
t h e  i n i t i a l  c u r v a t u r e  of t h e  Mach l i n e s  a t  t h e  s h o u l d e r  B h a s  been 
i g n o r e d  i n  a r r i v i n g  a t  t h i s  fo rmula t ion  of  t h e  r e s u l t .  

I n  view of what is now known t h e  problem is f o r m a l l y  
s o l v e d ,  because  t h e  govern ing  parameters f o r  t h e  ups t ream f low are 
assumed known; i . e . ,  it is  taken  for  g r a n t e d  t h a t  Mo, $,, s , Go, 
and JI, are known; so t h a t ,  by a i d  o f  Eq. 2 ,  t h e  c u r v a t u r e  X,(Y,) 
becomes known. 
inasmuch as  JI1 = P(M1) - P(M,), t h e n  it  f o l l o w s  t h a t  t h e  complete  

"0 

Of c o u r s e ,  Eq. (1 )  may be  used  t o  f i n d  $,, and,  

s o l u t i o n  of  t h e  problem may be worked o u t .  

NOTE: I f  i n  a g iven  f low t h e r e  e x i s t s  on t h e  ups t ream 
s i d e  a p r e s c r i b e d  expans ion  from Mo t o  M1 and one assumes t h a t  
t h e  v a r i a t i o n s  are going  t o  be of  weak i n t e n s i t y ,  i n d i c a t e d  
s y m b o l i c a l l y  as  6Xo, 6sn  , and FGo, t h e n  it may be  deduced from 

Eq. (2) t h a t  t h e  co r re sp8nd ing  small  change i n  t h e  i n i t i a l  c u r v a t u r e  
o f  a j e t  s t r e a m l i n e  w i l l  be g i v e n  i n  t h i s  c a s e ,  as  

where t h e  r e s u l t  is v a l i d  t o  second o r d e r  i n  Xo, sn , and Go. 
0 

I n  a d d i t i o n ,  t h e  j e t  s t r e a m l i n e s  w i l l  n o t  have any 
c u r v a t u r e .  
two-dimensional p l a n e  case f o r  which t h e  ups t ream u n d i s t u r b e d  f low 
is a t  Mach number Mo. By comparison, i t  may be  observed  t h a t ,  f o r  
a n  a x i a l l y  symmetr ic  f low w i t h  an u n d i s t u r b e d  ups t ream Mach number 

Fur thermore ,  t h e  c o e f f i c i e n t  a2 w i l l  d i s a p p e a r  i n  t h e  
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of  Mo ahead of t h e  s h o u l d e r  B ,  t h e  c u r v a t u r e  i n t r o d u c e d  by t h e  
body of  r e v o l u t i o n  must be r e p r e s e n t e d  by t h e  t e r m  X1 - aZ/D.  

111.1.3 - Importance of Curvature  E f f e c t s  on Subsequent Rea t t ach=  
ment Phenomena 

( a )  Case of a x i a l l y  symmetric flow w i t h  uni form ups t r eam Mach 
number of  M . 

0 

The remark j u s t  made above f u r n i s h e s  t h e  means f o r  
de t e rmin ing  t h e  i n i t i a l  c u r v a t u r e  X1 of t h e  j e t  boundary a s  a 
f u n c t i o n  of  t h e  e x t e r n a l  Mach number a t t a i n e d  a f t e r  expans ion ,  M1* 
On t h e  o t h e r  hand, it is well-known t h a t  t h e  a n g l e  Jll t h a t  t h e  j e t  
boundary a t t a i n s  a f t e r  t h e  expansion is g iven  by t h e  Prandtl-Meyer 
r e l a t i o n  f o r  an expans ion ,  which a p p l i e s  i n  t h i s  case as w e l l  a s  
i n  c a s e  o f  two-dimensional p lane  f l o w .  I n  consequence,  one may 
compute JI1 from 

and ,  f u r t h e r m o r e ,  Eq. (1)  a l lows  one t o  w r i t e  t h a t  

p rovided  t h e  p o s t u l a t e  of Sec t ion  111.1.1 is adhered  to .  

H e r e  t h e  v a l u e  of t h e  Mach number i n  t h e  e x t e r n a l  i n v i s c i d  
f l o w  is assumed t o  be  o b t a i n a b l e  from exper iment .  I t  shou ld  be  
p o s s i b l e ,  f o r  example, t o  de termine  t h e  v a l u e  f o r  t h e  e m p i r i c a l  
c o e f f i c i e n t  of c u r v a t u r e  e f f e c t , A R ( M 1 ) ,  by measuring t h e  b a s e  
p r e s s u r e  on t h e  body and t h e n  making u s e  of Eq. ( 3 ) .  
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By a n a l y s i s  of known expe r imen ta l  r e s u l t s ,  t h e r e f o r e ,  
one w i l l  be  a b l e  t o  e s t a b l i s h  t h e  e m p i r i c a l  c o n s t a n t  i n  t h i s  
f u n c t i o n ,  and it w i l l  s e r v e ,  consequen t ly ,  a s  r e p r e s e n t i n g  a l l  
f l o w s  which are a x i a l l y  symmetric and which do  n o t  d e v i a t e  g r e a t l y  
f rom a uni form ups t ream f low.  

(b )  Case of two-dimensional p lane  f low which is n o t  un i form.  

t h e  r e f e r e n c e  case f o r  which a uni form Mach number M h o l d s  up- 
stream of  t h e  s h o u l d e r  B ,  and for which t h e  downstream e x t e r n a l  
i n v i s c i d  f low Mach number is  MI, and fo r  which t h e  r e q u i r e d  
a n g u l a r  d e f l e c t i o n  a t  rea t tachment  is Y(M,). 
f l o w  w i t h  uni form ups t ream Mach number of Mo t h e r e  is now a p p l i e d  
a p e r t u r b a t i o n  r e p r e s e n t e d  by Xo, s 

e x t e n s i v e  t o  i n f l u e n c e  t h e  whole l e n g t h  of t h e  j e t  boundary. As 
r e s u l t  o f  t h i s  p e r t u r b a t i o n  t h e r e  w i l l  be inducpd i n  t h e  f l o w  a 
c u r v a t u r e  r e p r e s e n t e d  b y  X1, and, a c c o r d i n g  t o  Eq. 1, a change i n  
Mach number, r e p r e s e n t e d  by M1 + 6M1, w i l l  be i n t r o d u c e d ,  which 
w i l l  obey t h e  formula  

The approach  t o  t h i s  problem is made by first c o n s i d e r i n g  

0 

To t h i s  r e f e r e n c e  

, and Go, which is  s u f f i c i e n t l y  
“0 

.i 1 h c o s  $2 

Y l  6M1 - 6 4 1 ~  - A  p s i n  Y x1 

1 

where Y1 is t h e  p a r t i a l  d e r i v a t i v e  - of t h e  r e q u i r e d  a n g u l a r  

d e f l e c t i o n  f o r  r e a t t a c h m e n t ,  a s  g i v e n  i n  F i g u r e  7,  and where t h e  
increment  6q1 is g iven  by t h e  r e l a t i o n  6$1 - P i  6M1 

i n  which 
1 Jib;- 1 

p , ’ = - -  
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In  t h i s  i n s t a n c e  one then  f i n d s  t h a t  t h e  c u r v a t u r e  co- 
e f f i c i e n t  is g iven  by 

(P' + Y;) s i n  Y 6M1 . -  1 

P h c o s  Y 2  
A = -  

x1 

T h i s  e x p r e s s i o n  a l s o  a f f o r d s  t h e  p o s s i b i l i t y  of e s t a b l i s h i n g  
t h e  e m p i r i c a l  v a l u e  of , t h e  c u r v a t u r e  c o e f f i c i e n t  due t o  non- 
un i fo rm flow i n  t h e  case of two-dimensional p l a n e  c o n f i g u r a t i o n s .  
The e m p i r i c a l  v a l u e s  o f A  can be o b t a i n e d ,  for  example,  by u s e  
o f  t h e  method d e s c r i b e d  i n  S e c t i o n  11.1.1. 

-? 

P 

111.2 - Exper imenta l  Conf i rmat ions  

. 

111 .2 .1  - Procedure  f o r  Applying t h e  Deduct ions now E l i c i t e d  t o  
t h e  Case o f  A x i a l l y  Symmetric Flows. 
The c u r v a t u r e  i n f l u e n c e  c o e f f i c i e n t h R ( M l )  h a s  been 

de te rmined  by making u s e  of  a l a r g e  compi l a t ion  o f  e x p e r i m e n t a l  
r e s u l t s  o b t a i n e d  w i t h  c y l i n d r i c a l  models having  b l u n t  bases. 
The p e r t i n e n t  Reynolds numbers were q u i t e  moderate ,  s i n c e  
R e 5  lo7 Csee Reference  1 . 
t i o n  of a l a w  l i n k i n g  M1 t o  Mo; i . e . ,  Ml = f ( M o ) .  

These  r e s u l t s  p e r m i t t e d  t h e  d e r i v a -  

I t  is impor t an t  t o  p o i n t  o u t  t h a t  t h i s  e m p i r i c a l  l a w  
w a s  developed by having  r ecour se  t o  expe r imen ta l  cases where t h e  

boundary l a y e r ,  encountered  j u s t  ups t ream o f  t h e  b l u n t l y  c u t - o f f  
b a s e ,  w a s  of  o n l y  moderate t h i c k n e s s ,  a l though  i t  w a s  n o t  e n t i r e l y  
n e g l i g i b l e  n o n e t h e l e s s .  

On t h e  b a s i s  of t h e s e  r e s u l t s  i t  w a s  t h e n  p o s s i b l e  t o  
calculate  t h e  i n i t i a l  c u r v a t u r e  of t h e  j e t  boundary by making u s e  
o f  Eq. (2 )  of S e c t i o n  111 .1 .2 .  Subsequent ly ,  t h e n ,  t h e  c u r v a t u r e  
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. 

i n f l u e n c e  c o e f f i c i e n t . *  R(M1) w a s  o b t a i n e d  by u s e  of E a .  
t h e  v a r i a t i o n  o f  t h i s  q u a n t i t y ,  a s  a f u n c t i o n  of t h e  Mach number, 

(3), and 

is d i s p l a y e d  i n  F i g u r e  18. M1 ' 

I 

\\\\ Scatter-: in the exnerimental da ta  

I I I a 5  
3 4- 

0 l,, 2 1 
F i g u r e  18 

Curva tu re  I n f l u e n c e  Func t ion ,  /' R ,  A s  Func t ion  of t h e  
E x t e r n a l  Flow Mach Number, M1 

T h i s  c u r v a t u r e  i n f l u e n c e  c o e f f i c i e n t  may be  c o n s i d e r e d  
t o  be a unique  f u n c t i o n  of t h e  Mach number, M1,. f o r  flow .con- 

f i g u r a t i o n s  which do n o t  d i f f e r  much from t h e  r e f e r e n c e  case 
( i . e . ,  f o r  a c y l i n d e r  w i t h  a b l u n t  base) .  Consequent ly ,  i t  is 
t h e n  p o s s i b l e  t o  d e t e r m i n e  t n e  e r rec t  or c e r t a i n  e l e m e n t a r y  
p e r t u r b i n g  i n f l u e n c e s  on t h e  r e a t t a c h m e n t  phenomenon which a r i se  
downstream of an a f t e r b o d y  which h a s  any shape  wha t soeve r ,  so  long  
a s  a l i n e a r i z a t i o n  o f  t h e  e f f e c t s  o f  t h e  p e r t u r b a t i o n s  is j u s t i -  
f i e d .  The p e r t u r b a t i o n s  i n  q u e s t i o n  may be p r e s s u r e  g r a d i e n t s  or 
e n t r o p y  g r a d i e n t s ,  f o r  example, i n t r o d u c e d  by t h e  n o n - c y l i n d r i c a l  
body shape .  

. 
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The most immediate p rac t i ca l  u s e  t o  which t h i s  i n f o r -  
mat ion  may b e  p u t  is t h e  c a l c u l a t i o n  of b a s e  p r e s s u r e s ,  t h a t  is 
t o  s a y ,  t h e  c a l c u l a t i o n  o f  t h e  Mach number, M1. 

T h i s  p a r t i c u l a r  c a l c u l a t i o n  may be  c a r r i e d  o u t  by 
f o l l o w i n g  e i t h e r  of  t h e  two a c c e p t a b l e  methods g i v e n  below. The 
e s s e n t i a l  assumption i n  e i t h e r  case is t h a t  t h e  f i n a l  d i r e c t i o n  
o f  t h e  downstream f low a f t e r  r ea t t achmen t  must co r re spond  t o  t h e  
same d i r e c t i o n  a s  t h e  ups t ream approaching  f low,  f o r  which J12 - 0 

i n  t h i s  i n s t a n c e .  

( a )  
t h e  f o l l o w i n g  a l g e b r a i c  s t e p s  

The most direct  method of  a t t a c k  is t o  proceed  a c c o r d i n g  t o  

- 2 A R  h - s i n  Y * X1 = Y(M1) Given by Eq. (3) - $1 

a, 
;L: X1(M1) = al Xo + - + a3 sn + a4 Go *c 0 

U s e  of Prandtl-Meyer 
formula  f o r  expans ion  
around c o r n e r  B 
Given by Eq. (2) 

by which means t h e  s o l u t i o n  f o r  t h e  Mach number M1 c an  be most 
e a s i l y  o b t a i n e d  by u s e  of g r a p h i c a l  a id s .  

( b )  A v a r i a t i o n a l  t echn ique  may be r e s o r t e d  t o  which depends on 
f i n d i n g  d e v i a t i o n s  from a g iven  expe r imen ta l  r e f e r e n c e  case. T h i s  
method is a l s o  based on u s e  of t h e  same three fo rmulas  g i v e n  above.  

For t h e  a p p l i c a t i o n s  t o  be  cons ide red  below, t h e  e x p e r i -  
men ta l  r e f e r e n c e  case is t aken  t o  be  t h e  one c o r r e s p o n d i n g  t o  a 
c y l i n d e r  w i t h  a b l u n t  b a s e ,  f o r  which it  is t r u e  t h a t  Jio = 0 ,  

. 
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111.2.2 - Numerical Examples 
The e f f e c t s  t o  be i n v e s t i g a t e d  i n  t h e s e  numer i ca l  a p p l i -  

c a t i o n s  are o f  t w o  d i f f e r e n t  c a t e g o r i e s .  F i r s t ,  a c a l c u l a t i o n  
w i l l  b e  c a r r i e d  o u t  t o  show t h e  e f f e c t  o f  b o a t t a i l i n g  ( s e e  F i g u r e s  
19 t o  2 1 ) ,  f o r  a Mach number r ange  going  from Mo = 1 . 9 1  t o  Mo = 3 . 2 4 .  
Second, computa t ions  w i l l  be made t o  i n d i c a t e  what happens when 
there is a s t r o n g  e n t r o p y  g r a d i e n t  ups t ream o f  t h e  b a s e .  T h i s  con- 
d i t i o n  w i l l  be examined i n  t h e  s p e c i a l  case where t h e  body is 
c y l i n d r i c a l  w i t h  a well-rounded nose ,  t h e  r a d i u s  o f . c u r v a t u r e  of 
which is q u i t e  l a r g e  even a t  t h e  t i p  ( r / R  = 0.765) .  The Mach 
number s e l e c t e d  f o r  t h i s  c a l c u l a t i o n  is M 0) = 4 ( s e e  F i g u r e  22 ) .  

Mal 1 .91  

i t  

M - 1.92 
Q1 

F i g u r e  19 
A x i a l l y  Symmetric Flow - 

E f f e c t  of B o a t t a i l i n g  

F i g u r e  20 
A x i a l l y  Symmetric Flow - 

E f f e c t  of B o a t t a i l i n g  
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Mach Number, M = 3.24 
(P 

o N.O.L. experimental results 
o Calculated value, 

\ 

= o  
$0 ---- Theoretichl prediction 

M,=4 ~ 

c 

Fi'gure 21 

Axially Symmetric Flow - 
Effect of Boattailing 

Mo = 2 . 9 5  

a c Figure 22 
Axially Symmetric Flow - 

Effect of Entropy Gradients 

PC'PO 
Mo Theoretical Experimental ' 

S 
"0 - 

0 2.95 0.405 -- 
-2.34/Dc 2.95 0.37 0.38 
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The i n i t i a l  g iven  c o n d i t i o n s  fo r  t h e s e  c a l c u l a t i o n s  
s , G ) were determined i n  one of two ways, e i t h e r  

'09 no 0 
( i . e . ,  

by u s e  of  t h e o r y  ( i . e . ,  by u s e  of t h e  method o f  c h a r a c t e r i s t i c s ,  
a s  expounded i n  Reference  31, or by measurement of t h e  p r e s s u r e s  
on t h e  a f t e r b o d y  t o  g i v e  Go and  Mo and by conduc t ing  a t o t a l  
p r e s s u r e  p rob ing  n e a r  t h e  co rne r  B i n  o r d e r  t o  o b t a i n  s . 

"0 

I t  may be f a i r l y  s t a t e d  t h a t  t h e  recommended method o f  
c a l c u l a t i o n  l e a d s  t o  s a t i s f a c t o r y  p r e d i c t i o n  o f  t h e  base p r e s s u r e ,  
p a r t i c u l a r l y  when t h e  v a r i a t i o n a l  p rocedure  is fo l lowed ( s e e  
S e c t i o n  1 1 1 . 2 . 1 , b ) .  T h i s  procedure h a s  t h e  advantage  t h a t  i t  
e l i m i n a t e s ,  f o r  a l l  i n t e n t s  and pu rpose ,  t h e  effect  o f  t h e  
boundary l a y e r .  Thus t h i s  case comes closer t o  b e i n g  r e p r e s e n t e d  
by t h e  deduced e q u a t i o n s  because it w a s  n o t  p o s s i b l e  t o  i n c l u d e  
t h e  e f fec t  o f  t h e  boundary layer i n  t h e  d e r i v a t i o n  o f  t h e  formula 
a r r i v e d  a t  fo r  d e s c r i b i n g  t h e  c u r v a t u r e  i n f l u e n c e  c o e f f i c i e n t A  
a s  g iven  i n  S e c t i o n  111.2.1.  

R '  

I n  o r d e r  t o  improve t h e  accu racy  of t h e  d i r e c t  approach  
i t  would be  d e s i r a b l e  t o  e s t a b l i s h  a l a w ,  th rough a s y s t e m a t i c  
series of tests, which would g i v e  t h e  e f f e c t  o f  t h e  boundary l a y e r  
pa rame te r  €j2/h upon t h e  c u r v a t u r e  i n f l u e n c e  c o e f f i c i e n t ,  A R '  

From now on it  appears  t h a t  i t  would be  j u s t i f i a b l e ,  on 
b a s i s  of t h e  r e s u l t s  now o b t a i n e d ,  t o  t a k e  i t  f o r  g r a n t e d  i n  any 
a p p l i c a t i o n  of  t h i s  in format ion  t o  p r a c t i c a l  cases t h a t  

lSt : 

f o r  a x i a l l y  symmetric flow and f o r  two-dimensional p l a n e  f low 
t h e  r e q u i r e d  rea t tachment  d e f l e c t i o n  a n g l e  Y (M1) is i d e n t i c a l  

there e x i s t s  a c u r v a t u r e  i n f l u e n c e  c o e f f i c i e n t ,  A R ( M 1 ) ,  which 
is  character is t ic  of a x i a l l y  symmetric f lows .  
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IV. Conclusion 

The p r e c e d i n g  a n a l y s i s  h a s  shown t h a t  t h e  f a c t o r s  which 
i n f l u e n c e  t h e  r ea t t achmen t  phenomena may be c l a s s i f i e d  i n t o  t w o  
categories: On t h e  one hand, t h e r e  are t h e  i n t e r n a l  fundamental  
fac tors  d e s c r i b i n g  t h e  local behavior  of t h e  flow which r e f l e c t  
t h e  t y p e  and e x t e n t  o f  t h e  mixing t h a t  h a s  o c c u r r e d  between t h e  

e x t e r n a l  f low and t h e  i n t e r n a l  t rapped  r e c i r c u l a t o r y  f low.  On 
t h e  o t h e r  hand, t h e r e  are t h e  e x t e r n a l  factors  which act  p r i n c i p a l l y  
t o  change t h e  geomet r i c  form ( i , e . ,  t h e  c u r v a t u r e )  of t h e  j e t - l i k e  
f low i s s u i n g  from of f  t h e  shou lde r  o f  t h e  body, so t h a t  i n  con- 
sequence  t h e  a n g l e  o b t a i n e d  by t h i s  f low,  j u s t  b e f o r e  r ea t t achmen t  
t a k e s  place, w i l l  be s h i f t e d  from t h e  v a l u e  which would o t h e r w i s e  
have a r i s e n .  

As r e s u l t  of t h e  p r e s e n t  s t u d i e s  having  t o  do w i t h  t h e  
i n t e r n a l  fundamental  factors i t  h a s  been p o s s i b l e  t o  demons t r a t e  
t h e  f o l l o w i n g  s i g n i f i c a n t  t h e o r e t i c a l  r e s u l t s  ( t h i s  a n a l y s i s  w a s  
based  p r i m a r i l y  on t h e  work p r e s e n t e d  by H. Korst i n  Reference  1, 
t o  which w a s  added an  a d d i t i o n a l  h y p o t h e s i s  conce rn ing  t h e  d i s t r i -  
b u t i o n  o f  t e m p e r a t u r e s  i n  t h e  mixing z o n e ) :  

( a )  t h e  s i t u a t i o n  i n  w h i c h  t h e  s t a g n a t i o n  e n t h a l p y  i n  t h e  
mixing zone is v a r i a b l e  from s t r e a m l i n e  t o  s t r e a m l i n e  
may be  handled by a s imple  d e v i c e  which c o n v e r t s  t h i s  
s i t u a t i o n  i n t o  one t h a t  is e q u i v a l e n t  t o  t h e  case where 
t h e  e n t h a l p y  is  c o n s t a n t  t h roughou t  

( b )  demons t r a t ion  t h a t  t he  e f f e c t s  on r ea t t achmen t  of  t h e  

p r e s e n c e  of  a boundary l a y e r  may be c o n s i d e r e d  as  
e q u i v a l e n t  t o  t h e  proper  amount of blowing i n t o  t h e  
dead-water r e g i o n .  
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I n  t h e  main, t h e s e  t h e o r e t i c a l  d e d u c t i o n s  have been 
s u p p o r t e d  by conf i rming  expe r imen ta l  da ta .  A t  t h e  same t i m e ,  
however, c a r e f u l  s c r u t i n y  o f  t h e  r e s u l t s  d i s c l o s e s  t h a t  f u r t h e r  
r e s e a r c h  is st i l l  necessa ry  i n  o r d e r  t o  e s t a b l i s h  s e c u r e l y  t h e  
v a l u e  o f  t h e  r e q u i r e d  a n g u l a r  d e v i a t i o n  a t  r ea t t achmen t  i n  t h e  
l i m i t i n g  case where t h e  t h i c k n e s s  of t h e  boundary l a y e r  i n  t h e  
approaching  f low t e n d s  t o  van i sh .  

The e x t e r n a l  f a c t o r s  a c t i n g  t o  v a r y  t h e  c u r v a t u r e  of t h e  
j e t  boundary which were examined n e x t  i n  t h i s  i n v e s t i g a t i o n  were: 
t h e  e f f e c t  produced by a p r e s s u r e  g r a d i e n t  or e n t r o p y  g r a d i e n t  
i n  t h e  e x t e r n a l  f l o w ,  and,  i n  t h e  case o f  a x i a l l y  symmetric f lows,  
t h e  effect  of t h e  s l o p e  and c u r v a t u r e  of t h e  s t r e a m l i n e s  i n  t h e  
f low f i e l d  which is produced j u s t  b e f o r e  s e p a r a t i o n  from t h e  base, 
A simple formula  was o b t a i n e d  by resort t o  t h e  method of charac-  
t e r i s t i c s  which d e s c r i b e d  adequa te ly  t h e  e f f e c t ,  on t h e  i n i t i a l  
c u r v a t u r e  of t h e  j e t - l i k e  flow o f f  t h e  b a s e ,  produced by a l l  
t h e  above-mentioned f ac to r s ,  Th i s  i n i t i a l  c u r v a t u r e  of t h e  je t -  
l i k e  f l o w  can  t h e n  be chosen as t h e  sole  pa rame te r  f o r  r e p r e s e n t i n g  
t h e  u l t i m a t e  effect  o f  t h e s e  e x t e r n a l  fac tors  on t h e  rea t tachment  
a n g l e .  

If it is t aken  f o r  g ran ted  t h a t  t h e  r e q u i r e d  a n g u l a r  
d e v i a t i o n  a t  r ea t t achmen t  which w a s  e s t a b l i s h e d  i n  t h e  case where 
t h e r e  w a s  no c u r v a t u r e  along t h e  j e t  boundary,  f o r  an  i s o b a r i c  
p r e s s u r e  d i s t r i b u t i o n ,  is s t i l l  t o  remain v a l i d  i n  t h e  e n v i s i o n e d  
cases, t h e n  t h e  problem o f  de t e rmin ing  t h e  r ea t t achmen t  a n g l e  i n  
t h e s e  cases t u r n s  o u t  t o  r e v e r t  mere ly  t o  f i n d i n g  a c u r v a t u r e  
i n f l u e n c e  c o e f f i c i e n t .  I t  is a s i m p l e  matter t o  de te rmine  such  
a c u r v a t u r e  i n f l u e n c e  c o e f f i c i e n t  by deducing  it e m p i r i c a l l y  from 
a l i m i t e d  number o f  p e r t i n e n t  and s y s t e m a t i c  wind-tunnel  tests. 
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From t h e  expe r imen ta l  r e s u l t s  which w e r e  a v a i l a b l e  it h a s  been 
found p o s s i b l e  t o  p r o v i d e  a p r e l i m i n a r y  approximat ion  f o r  such  
an  i n f l u e n c e  c o e f f i c i e n t  i n  t h e  case  of a x i a l l y  symmetr ic  f l o w .  
Exper imenta l  e x p e r i e n c e  based  on  measurement of  t h e  b a s e  p r e s s u r e s  
o f  b o d i e s  of r e v o l u t i o n  h a s  given v e r y  encourag ing  c o n f i r m a t i o n  
o f  t h e  o v e r - a l l  e f f e c t i v e n e s s  and c o r r e c t n e s s  of t h i s  t h e o r y .  
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Appendix I 

= o  
qP 

Determina t ion  of q l ,  qj, 

1. B a s i c  R e l a t i o n s .  
The t h e o r y  of i s o b a r i c  mixing is e x p l a i n e d  i n  S e c t i o n  

11.1, a t  least  i n  r e g a r d  t o  t h e  most e s s e n t i a l  f e a t u r e s .  I t  is 
mere ly  n e c e s s a r y  t o  r eca l l  h e r e  t h a t  t h i s  mixing t h e o r y  l e a d s  t o  
t h e  v e l o c i t y  p r o f i l e  law g i v e n  by t h e  r e l a t i o n  

For  p r e s e n t  pu rposes  i t  is h e l p f u l  t o  s t a r t  o f f  w i t h  t h e  a d d i t i o n a l  
r e l a t i o n s h i p  which is d e r i v e d  from t h e  l a w  gove rn ing  t h e  d e n s i t y  
p r o f i l e  a c r o s s  t h e  boundary l a y e r ,  which may be e x p r e s s e d  as  

2.  Determina t ion  o f  q l ,  

I t  is t h e  purpose  of t h i s  pa rag raph  t o  de te rmine  t h e  
downward d i sp lacemen t ,  q l ,  of t h e  a x i s  of  t h e  v e l o c i t y  p r o f i l e s  
a t  e a c h  a x i a l  s t a t i o n  x i n  such a way a s  t o  a b i d e  by t h e  c o n s e r v a t i o n  
o f  momentum requi rement  throughout  t h e  f low;  i . e . ,  for any v a l u e  
o f  t h e  downstream l o c a t i o n  parameter  q ( s e e  S e c t i o n  1 1 . 1 . 3 ) .  The 
c o n s e r v a t i o n  o f  momentum requirement  w a s  w r i t t e n  n e a r  t h e  beg inn ing  
o f  S e c t i o n  11.1.3 of t h e  m a i n  t e x t .  I t  is conven ien t  t o  i n t r o d u c e  
t h e  f o l l o w i n g  set o f  non-dimensional v a r i a b l e s  a t  t h i s  p o i n t  ( s e e  
F i g u r e  3 ) :  

P 

. 
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Consequent ly ,  t h e  s t a t emen t  of t h e  c o n s e r v a t i o n  o f  
momentum may t h e n  be  conve r t ed  i n t o  a r e l a t i o n  t h a t  r e q u i r e s  t h e  
e q u a l i t y  of t h e  t w o  i n t e g r a l s :  

Inasmuch as  el = 1 and cpl = 1 for v a l u e s  of 6 >1, t h e  
i n t e g r a l  on t h e  l e f t  hand s i d e  may be w r i t t e n  as  

j e l  c p 1  2 d S -  
'1 = V N  - qp + ?Ip 

0 

I n  a d d i t i o n ,  i t  is always p o s s i b l e  t o  choose qN t o  be 

s u f f i c i e n t l y  l a r g e  so  t h a t  t h e  v a l u e s  o f  8 - 1 and cp - 1 w i l l  b e  
less t h a n  an  a r b i t r a r i l y  s e l e c t e d  s m a l l  v a l u e ,  e ,  whenever '2 '  N '  

Hence, i n  t h i s  case t h e  i n t e g r a l  on t h e  r i g h t  hand s i d e  
may b e  w r i t t e n  as  

I 2  = '1 + j: cp2 d v .  
-03 
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By invoking  t h e  e q u a l i t y  o f  t h e  two i n t e g r a l s  i t  
f o l l o w s  t h e n  t h a t  

0 J- Q) 

or by r e a r r a n g i n g  t h e  form 
1 0 

Now t h e  l a s t  one o f  t h e s e  i n t e g r a l s  is conve rgen t ,  so 
t h a t  by p a s s i n g  t o  t h e  l i m i t ,  qN+ m y  i t  t u r n s  o u t  f i n a l l y  t h a t  

3. Determina t ion  o f  
j 

3.1 A n a l y t i c  Set-Up f o r  t h e  A n a l y s i s  

The c o n s e r v a t i o n  of m a s s  f low w a s  d i s c u s s e d  i n  S e c t i o n  
1 1 . 1 . 4 .  When t h e  non-dimensional form of t h e  v a r i a b l e s  is i n t r o -  
duced i n t o  t h e  b a s i c  c o n s e r v a t i o n  e q u a t i o n  and when t h e  downward 
d i sp lacemen t  o f  t h e  p r o f i l e  a x i s  a s  j u s t  d e s c r i b e d  above is t a k e n  
i n t o  a c c o u n t ,  t h e n  t h i s  c o n t i n u i t y  r e l a t i o n s h i p  may be w r i t t e n  as  

J 



. 
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and because  el = w1 = 1 for ~ 1 1  

t h e n  t h e  c o n t i n u i t y  e q u a t i o n  may be r e w r i t t e n  as 

When t h e  r e s u l t  j u s t  o b t a i n e d  i n  t h e  p r e c e d i n g  S e c t i o n  a s  Eq. (2) 
is i n t r o d u c e d ,  it t h e n  f o l l o w s  t h a t  

‘Ji 0 

- w 1 )  dc + i” 8 po2 dq 
J 

- W  
J 

Upon adding  and s u b t r a c t i n g  t h e  t e r m  8 cp dq t o  b o t h  
-am P s i d e s  o f  

t h i s  e q u a t i o n ,  i t  t u r n s  o u t  t h a t ,  upon p a s s i n g  t o  t h e  l i m i t  q j c o ,  N 

‘I; 1 

(3) 

inasmuch as  t h e  i n t e g r a l s  have now been made conve rgen t .  
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I f  one cares t o  i n t r o d u c e  t h e  momentum t h i c k n e s s  of 
t h e  boundary l a y e r  d e f i n e d  i n  terms o f  cpl(c), t h e n  t h e  above 
e q u a t i o n  may be reduced t o  t h e  somewhat more n e a t  form of 

( 3 ’ )  
62 
6 

+ 

Once t h i s  r e l a t i o n s h i p  h a s  been e s t a b l i s h e d  i t  is n o t  
d i f f i c u l t  t o  d e r i v e  t h e  expres s ion  g i v e n  as  Eq. (7) of S e c t i o n  
I I , 1 . 4  i n  t h e  m a i n  t e x t .  

and  

3.2 Notes Concerning t h e  Numerical S o l u t i o n  of Equat ion  (3) 
The f o l l o w i n g  two i n t e g r a l s  

1 
2 1 - u1 

(qj) co dq 

- W  

have a l r e a d y  been t a b u l a t e d  by Kors t  f o r  t h e  arguments  

2 1 - u1 
e - e =  

2 2  
l - u l c D  

and 1 
2 

- 
CD = - ( 1  + erf 7). 

Consequent ly ,  t h e  problem ar ises  o f  u s i n g  t h i s  i n fo rma t ion  
f o r  o b t a i n i n g  t h e  v a l u e s  of  t h e  i n t e g r a l s  when t h e  argument is 

cp = cp ( q , q p ) ,  as  g iven  i n  Eq. (1)  of  t h e  Appendix. 

. 



. 
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If qp and ep,(s) are g iven ,  t h e n  it  is n e c e s s a r y ,  f irst  
o f  a l l ,  t o  compute t h e  v a l u e s  of g(q) by means of Eq. ( 1 ) .  

Le t  q(cp) be  t h e  co r re spond ing ,  n u m e r i c a l l y  e v a l u a t e d ,  
i n v e r s e  f u n c t i o n  of ~ ( q ) ,  and,  fu r the rmore ,  l e t  j ( c p )  be  t h e  
a n a l y t i c  i n v e r s e  of ~ ( q ) ,  and d e f i n e  a d i f f e r e n t i a l  as  

where cp is now t aken  t o  be  t h e  independent  v a r i a b l e .  

Upon making u s e  of  t h e  sho r thand  n o t a t i o n  t h a t  K = ep(qj), 
t h e n  Eq. (3) of t h i s  Appendix may be cast  i n t o  t h e  f o l l o w i n g  form 

L -1 

The e x p r e s s i o n  j u s t  o b t a i n e d  may be  g i v e n  t h e  f o l l o w i n g  
more s imple  symbolic r e p r e s e n t a t i o n  

where t h e  d e f i n i t i o n s  have been i n t r o d u c e d  t h a t  

K 

1 

- 
0 
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and where,  by h y p o t h e s i s ,  it h a s  been s t i p u l a t e d  t h a t  

if (K) r e p r e s e n t s  t h e  s o l u t i o n  t o  Eq. (3) f o r  t h e  c o n d i t i o n  
where q * 0. 

P 

F i n a l l y ,  t h e r e f o r e ,  because of  t h e s e  above-noted agreements, 
t h e  e q u a t i o n  which s e r v e s  t o  de te rmine  K is t h e  f o l l o w i n g :  

(3") 

where t h e  q u a n t i t i e s  appea r ing  on t h e  r i g h t  hand s i d e  are known. 

T h i s  i n t e r p r e t a t i o n  of t h e  e q u a t i o n s  t h u s  permits a 
r e l a t i v e l y  s imple  c a l c u l a t i o n  t o  g i v e  t h e  d e s i r e d  r e s u l t  p rov ided  
one h a s  r e c o u r s e  t o  t h e  e x i s t i n g  t a b u l a r  d a t a  and a f t e r  a numer i ca l  
e v a l u a t i o n  h a s  been made f o r  6q(cp), I;, and I i .  

(%)qp=o 
4 .  Determina t ion  of cp' = 

(a) I n  t h e  case t h a t  q = 0 ,  t h e n  Eq. (1) r e d u c e s  t o  
P 

Consequent ly ,  Y and Eq. (3) p r o v i d e s  t h e  cor responding  v a l u e  of q 
w i t h  t h i s  boundary c o o r d i n a t e  de te rmined ,  i t  follows t h a t  

L 
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(b )  I n  t h e  case t h a t  q # 0, b u t  where  i t  st i l l  r e m a i n s  
P 

minuscule  i n  size, one may r e w r i t e  Eq. (1 )  i n  t h e  a p p r o p r i a t e  
form of 

(4 )  

On t h e  o t h e r  hand, s i n c e  i t  is t r u e  t h a t  

t h e n  f o r  t h e  c o n d i t i o n  of q -0, t h i s  becomes 
P 

2 
-rl -. 2 

Lrf (q - q = - - e 
$.- P 

Now t h e  i n t e g r a l  appea r ing  on  t h e  r i g h t  hand s i d e  of Eq. (1 )  
may be  recast i n t o  t h e  form 

provided  t h e  s u b s t i t u t i o n  is made t h a t  - = 5 .  
?P 

One may o b t a i n  wi thout  t r o u b l e  t h e  v a l u e  of t h e  d e r i v a t i v e  
of t h i s  e x p r e s s i o n  w i t h  respec't t o  q under  t h e  s u p p o s i t i o n  t h a t  

P '  
qp- 0 The r e s u l t  is 

1 



. 

. 

. 

- 

and that 

where fjl 

boundary 

Consequently 
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it is found that 

It is worth noting, in addition, that 

2 
e d 5  
- E -  

1 -1 

is the displacement thickness of the incompressible 

layer having its velocity profile defined according to 
U the law that = 
1 

It turns out thus that the differential quotient of 
interest may be expressed as 

When the derivative is taken of Eq. (3) of this Appendix, 
and if the results obtained above as Eq.(4) are made use of, it 
follows that 



. 
I 

. 
Page 9 1  

2 -2 

d77 9 
F2 K 

+ 2 2  
. -  1 

1-u 
-Q) 

l -u l  K -2 
1 

where t h e  u s u a l  n o t a t i o n  is employed d e f i n i n g  as G(5 ).  
j 

I f ,  now, one i n s e r t s  i n t o  t h i s  e x p r e s s i o n  t h e  v a l u e  o f  cp' 

o b t a i n e d  i n  Eq. (5), t hen  t h e  i n t e g r a l s  a p p e a r i n g  on t h e  r i g h t  hand 
s i d e  may be  expres sed  i n  terms of c ,  used  as t h e  new v a l u a b l e  o f  
i n t e g r a t i o n .  Hence 

T h i s  e x p r e s s i o n  may be i n t e g r a t e d  d i r e c t l y  w i t h o u t  t r o u b l e ,  
t o  g i v e  t h e  f i n a l  r e s u l t ,  which t u r n s  o u t  t o  be as f o l l o w s ,  when a l l  
s t e p s  are completed:  

. 
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Appendix 2 

I n i t i a l  Curva ture  of t h e  I s o b a r i c  Jet  Boundary 
(Two-dimensional p l a n e  f l o w  o r  a x i a l l y  symmetric flow) 

1. Fundamental R e l a t i o n s h i p s  

The method of c h a r a c t e r i s t i c s  is based  on t h e  mathemat ica l  
i d e a  of b e i n g  able t o  d e f i n e  t h e  s t a t e  of a s u p e r s o n i c  flow a t  an  
a r b i t r a r y  p o i n t  Q by a i d  of t h r e e  reduced  v a r i a b l e s  1, u, s ,  which 
are l i n k e d  t o  t h e  d i r e c t i o n  of t h e  flow J r ,  t o  t h e  Mach number M ,  
and t o  t h e  e n t r o p y  S, by means of t h e  r e l a t i o n s  

p - X = Jr + c o n s t a n t  r 
p + X -  P(M) P - -  1 \ / l a 2 -  1 2 dM 

M 1 + 7 - 1 M  s 2 

+ 
Let  4 and % d e s i g n a t e  u n i t  v e c t o r s  which are t a n g e n t  

a n d ?  r e p r e s e n t  
3 

t o  t h e  Mach l i n e s  p a s s i n g  through Q,  and l e t  t 
u n i t  v e c t o r s  which are l y i n g  p a r a l l e l  and normal,  r e s p e c t i v e l y ,  t o  
t h e  v e l o c i t y  v e c t o r  a t  t h e  p o i n t  Q.  I t  is found,  t h e n ,  t h a t  t h e  
gove rn ing  e q u a t i o n s  for t h e  flow may be  expres sed  as 

- s i n  i y s i n  $ + s i n  2 a 
94 
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where y r e p r e s e n t s  t h e  r a d i a l  d i s t a n c e  of t h e  p o i n t  Q from t h e  
a x i s  of  r e v o l u t i o n  o f  t h e  a x i a l l y  symmetric f low. I n  t h e  e v e n t  
t h a t  t h e  s i t u a t i o n  of i n t e r e s t  i s  a two-dlmensional p l a n e  f l o w ,  
t h e n  t h e  t e r m  i n v o l v i n g  y van i shes  ( i t  may be c o n s i d e r e d  t h a t  

t h e  a x i s  i n  t h e  a x i a l l y  symmetric flow h a s  r e t r e a t e d  t o  a n  
i n f i n i t e  d i s t a n c e ) .  

It may be shown immediately t h a t  t h e  c u r v a t u r e  X of 
a s t r e a m l i n e  i n  such  a flow, measured a t  t h e  p o i n t  d e s i g n a t e d  by 
t h e  number t r i p p l e  (1, p, s ) ,  is g i v e n  by t h e  r e l a t i o n  

2 2 X c o s  a =I pd - Xm + s i n  a c o s  a sn. 

I n  a c o o r d i n a t e  system based  on t h e  c h a r a c t e r i s t i c  n e t  
( t , m ) ,  t h e  c a l c u l a t i o n  of t h e  s t r e a m l i n e  c u r v a t u r e  X is e a s i l y  
c a r r i e d  o u t  by a i d  of Eq. (3) provided  t h e  f u n c t i o n s  1 ( f , m ) ,  
p ( t , m ) ,  s ( t , m )  are s p e c i f i e d .  

Curva tu re  o f  t h e  I s o b a r i c  Jet Boundary 
_.- - 

Along t h e  isobaric boundary of t h e  j e t  , s su ing  o f f  ,he 
rearward  f a c i n g  s t e p  under  examinat ion ,  for which i t  is t r u e  t h a t  
M - c o n s t a n t ,  i t  is r e q u i r e d  t h a t  

where 

a 1 
a t  2 cos  a 
- P  

Consequent ly ,  i f  one makes u s e  o f  E q s .  (11, ( 2 1 , ' a n d  (3) 
of t h i s  Appendix it f o l l o w s  t h a t  

+ s i n 2  a cgs a s - 2 1, s i n  a s i n  t 
Y 

n 2 X c o s  a = 
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. 

2 .  I n i t i a l  Curva tu re  of  t h e  I s o b a r i c  Jet R igh t  A f t e r  t h e  Corner  
Exp a n s i o n  

L e t  a z e r o  s u b s c r i p t  (0) d e n o t e  ups t ream c o n d i t i o n s ,  so  

t h a t  Mo, J r o ,  X0' lo, Po, s 
f l o w  ahead o f  t h e  base  r e g i o n ,  b e f o r e  an  expans ion  s u b s e q u e n t l y  
t a k e s  p l a c e  a t  t h e  c o r n e r  B,  f o r  a f l o w  c o n f i g u r a t i o n  which is 
s c h e m a t i c a l l y  r e p r e s e n t e d  by t h e  accompanying s k e t c h .  - 

r e p r e s e n t  t h e  known c o n d i t i o n  of t h e  

Also ,  l e t  t h e  d i f f e r e n t i a l  c o e f f i c i e n t s ,  deno ted  by 
and s s e r v e  t o  d e f i n e  t h e  known n a t u r e  o f  any non- n 0 0 

u n i f o r m i t y '  p r e s e n t  i n  t h i s  ups t r eam f low.  Anywhere a l o n g  t h e  
Mach l i n e  ( m o ) ,  which is  i n d i c a t e d  i n  t h e  appended s k e t c h  a s  b e i n g  
c o i n c i d e n t  w i t h  t h e  l i n e  BQo, one h a s  t h a t  t h e  f o l l o w i n g  r e l a t i o n s  
h o l d  for an  a r b i t r a r y  p o i n t  on mo: 

+ mo s i n  a s = s + 6s.  ' s ( m o >  = so 0 i O "0 
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Now l e t  a t t e n t i o n  first be d i r e c t e d  t o  what happens i f  an  
expans ion  denoted by (m 
c o r n e r  B ,  b u t  i n  an  ups t ream flow f i e l d  which is uni form,  and denoted  

by (xo,uo). I t  is w e l l  known t h a t  under  these c i r c u m s t a n c e s  (and 
even  i f  t h e  expans ion  is t a k i n g  p l a c e  around t h e  b a s e  of  a body 
o f  r e v o l u t i o n )  t h e  expans ion  p r o c e s s  obeys  t h e  Prandtl-Meyer l a w ,  
w i t h i n  a r e g i o n  which is v e r y  c l o s e  t o  t h e  c o r n e r  B. Very close 
means, i n  t h i s  case, t h a t  t h e  Mach l i n e  X is n o t  supposed t o  be  
altered by t h e  expans ion ,  so t h a t  i n  t h i s  i n f i n i t e s i m a l l y  small 
area i t  is t r u e  t h a t  

ml) is al lowed t o  take p l a c e  around t h e  
0’ 

xo = x l .  

For such an expans ion  t h e  l o c a l  f low a n g l e  i s  g iven  by t h e  re la t ion  

F i n a l l y ,  i f  t h e  s t i p u l a t i o n  is obeyed t h a t  t h e  e x p r e s s i o n  is t o  
t ake  p l a c e  i s e n t r o p i c a l l y ,  t h e n  t h e  f u r t h e r  c o n d i t i o n  may be 
premised t h a t  

s = s  1 0 

I t  is a l s o  convenient  now t o  take i t  f o r  g r a n t e d  t h a t  
i n  a r e g i o n  which is i n f i n i t e s i m a l l y  close t o  t h e  c o r n e r  B t h e  
f a n  of s u c c e s s i v e  Mach l i n e s  which i s s u e  from B w i l l  b e  i n d i s -  
t i n g u i s h a b l e ,  f o r  a l l  i n t e n t s  and pu rposes ,  from a sheaf o f  
s t r a i g h t  l i n e  r a y s .  T h i s  h y p o t h e s i s  is r i g o r o u s  fo r  t h e  case of 
an  expans ion  t a k i n g  p l a c e  i n  a two-dimensional p l a n e  flow, b u t ,  
o f  c o u r s e ,  i t  w i l l  c o n s t i t u t e  a s l i g h t  approximat ion  i n  t h e  case 
of a x i a l l y  symmetric f low.  

i 
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With these unde r s t and ings  and d e f i n i t i o n s  made, it is 
now p o s s i b l e  t o  proceed t o  c a l c u l a t e  t h e  Mach l i n e  (1) which 

emanates  from t h e  p o i n t  Qo on mo. The a b s c i s s a  
i n  t h e  character is t ic  sys tem is  M1, where Ql is 
t h e  r a y  m l .  T h i s  a b s c i s s a  is given by 

P cot 2 a 

( y  + l)J y - c o s  2 a 
where l o g  H(a)  = - 

of t h e  p o i n t  Ql 

l o c a t e d  o u t  a l o n g  

d a  . 

Meanwhile, t h e  c o n t i n u i t y  e q u a t i o n  f o r  t h e  mass flow allows 
one t o  o b t a i n  t h e  areal  d i l a t i o n  of t h e  s t r e a m t u b e s  as t h e y  undergo 
t h e  expans ion  p r o c e s s .  T h i s  area r a t i o  may be e v a l u a t e d  from 

wherex (M)  is used  t o  r e p r e s e n t  t h e  c o n v e n t i o n a l  m a s s  f l u x  r a t i o s  

a Pa c A - - -  

With t h e  f o r e g o i n g  s u p p o s i t i o n s  i n  mind, i t  is now pro-  
posed  t o  superimpose on t h e  uniform ups t ream f l o w  ( M  ) j u s t  des-  
cr ibed a d i s t u r b a n c e  r e p r e s e n t e d  by t h e  p e r t u r b a t i o n s  61, 611, and 
6s mentioned above.  The d i s t u r b a n c e  under  d i s c u s s i o n  is t aken  t o  

0 

L 
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act a t  t h e  p o i n t  Qo and it  is t o  be t a k e n  f o r  g r a n t e d  t h a t  it is 
weak enough so t h a t  n o t h i n g  is changed i n  r e g a r d  t o  t h e  n e t  of 
Mach l i n e s  and flow l i n e s ,  f r o m  what w a s  t r u e  f o r  t h e  f low wi th -  
o u r  p e r t u r b a t i o n s .  

I n  consequence o f  t h e s e  agreements ,  t h e n ,  i t  w i l l  be 

found t h a t ,  on t h e  downstream s i d e  o f  t h e  c o r n e r  B,  p rov ided  t h e  
r e l a t i o n s  g iven  above i n  Eq. (2 )  are made u s e  o f ,  t h e  
h o l d s  t r u e :  

f o l l o w i n g  

and 
a1 f -  1 

Y + l  H ( a )  d a  

y - cos a H(al) s i n  2 a 

By b r i n g i n g  i n  t h e  r e l a t i o n  g i v e n  as  Eq. (5) t h e  above 
e x p r e s s i o n  may be recast i n  s l i g h t l y  d i f f e r e n t  form as  

Ho +(l H ( a )  da x y - c o s  2 a ' q ' s i n  2 a 
Y + l  

= A  - 
'm 1 mo H1 

i "0 

s i n  a s i n  Jr + s i n  2 a c o s  a S 2 '".q* r 2y 2 "0 =( a) 
I 
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I n  t h i s  e x p r e s s i o n  t h e  v a l u e  of JI i s  g iven  by t h e  
Prandtl-Meyer expans ion  as  

I n  t h e  p r a c t i c a l  examples which are in t ended  t o  be  
ana lyzed  by use  of t h i s  procedure  i t  may be assumed t h a t  JI - JI, 
w i l l  b e  s m a l l  enough so t h a t  i t  w i l l  be  l e g i t i m a t e  t o  make t h e  
approximat ion  t h a t  

H 

s i n  $I = s i n  (I, + @ ( a )  - P(ao) )  cos 6, 

and t h e  i n t e g r a l  t o  be e v a l u a t e d  t h e n  may be broken down i n t o  
terms o f  t h e  fo l lowing  t h r e e  a u x i l i a r y  i n t e g r a l s  

r 

H ( a )  da + 2 ip c o s  a ( y  - cos 2 a)  
A ( a )  = 

P ( a )  H (a )  da  

Y 2 + 4 c o s  a ( y  - cos 2 a )  
B ( a )  - 

a 
y + 1 r H (a) s i n  a da  

These i n t e g r a l s  have been t a b u l a t e d ,  so t h a t  t h e  v a l u e  of Xm 

may be  o b t a i n e d  wi thou t  t r o u b l e ,  and then  t h e  i n i t i a l  c u r v a t u r e  

X1 may be  computed by a i d  o f  Eq. ( 4 ) .  

1 
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I '  

Before  l aunch ing  o u t  on  any such  c a l c u l a t i o n a l  p rocedure ,  
however, it w i l l  be  w e l l  worthwhile  t o  realize t h a t  it is more 
conven ien t  f o r  making a c t u a l  numerical  a p p l i c a t i o n s  t o  i n t r o d u c e  
some pa rame te r s  which w i l l  be easier t o  work w i t h  t h a n  t h i s  v a l u e  
of X m  f o r  t h e  Mach l i n e  upstream of t h e  c o r n e r  B abou t  which t h e  

expans ion  is t o  t a k e  p l a c e .  
0 

When Eq. (3) is e v a l u a t e d  f o r  t h e  f l o w  on t h e  ups t ream 
s i d e  o f  t h e  c o r n e r  B i t  t a k e s  t h e  form 

n 
2 x cos a. = - 

0 0 
'rn + s i n A  a cos a s 

0 
0 o n  

and it is e a s y  t o  v e r i f y  t h a t  

s i n  a s i n  $ I  

Y 
0 - a 2 2 

+ v t o  2 c o s  a. - (1 + p) = - s i n  a c o s  a. . Go - X m  
0 0 a t  Y 

9 

r e p r e s e n t s  t h e  t a n g e n t i a l  g r a d i e n t  of p r e s s u r e  where G = - - 
a t  t h e  p o i n t  B b u t  b e f o r e  encoun te r ing  t h e  de t ached  f low zone.  

1 
a t  

O Po 

These two e x p r e s s i o n s  may t h e n  be  used  t o g e t h e r  t o  re- 
p l a c e  t h e  q u a n t i t y  Am 

Xo and Go. 
t h e  i n i t i a l  c u r v a t u r e  of t h e  j e t  boundary is g i v e n  by t h e  r e l a t i o n  

by t h e  more d i r e c t l y  measurable  q u a n t i t i e s  
0 

I t  w i l l  b e  found consequen t ly  t h a t  if 2 y = D, t h e n  

+ "4 Go l o  D no 
+ a  s X 1 = a  X + -  a2 
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Ho c o s  a. 
a, = 

and 

I 
1 H1 cos a 

0 
s i n  a s i n  q1 Ho s i n  a s i n  6 

0 - 1 

cos a 
a =  2 

1 c o s  a 1 H1 

( s i n  6 - Po c o s  SoY(A1 - Ao) 
1 

H cos a 
- 

0 
1 1 

1 H c o s  a 1 

cos a - Y Ho = o  

H1 H1 

cos a 

cos a1 
e - & - .  

0 
0 

s i n 2  a 

2 cos a. - a 4 = - . s i n a  1 HO 
0 c o s  a1 Y H1 

Note: 

I n  t h e  case o f  a two-dimensional p l a n e  f low t h e  t e r m  a2 
must be  dropped, and one may show t h a t  t h e  above-given formula h o l d s  
r i g o r o u s l y .  I 

I n  t h e  case of  a x i a l l y  symmetric f low t h e  formula g i v e n  
above is o n l y  an  approximation because  i t  does  n o t  t a k e  i n t o  accoun t  
t h e  c u r v a t u r e  of t h e  Mach l i n e s  which is p r e s e n t  i n  t h i s  case even 
though t h e  b a s i c  f low is imagined t o  be  unpe r tu rbed  b e f o r e  t h e  
expans ion .  
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F i n a l l y ,  i n  t h e  case where t h e  expans ion  t a k i n g  p l a c e  

a t  t h e  c o r n e r  B o c c u r s  th rough means of t h e  m i r r o r i n g  expans ion  
f a n ,  denoted  by (.cO,k1), t h e n  t h e  f o r e g o i n g  formulas  fo r  t h e  
c o n s t a n t s a 2  and a4 need t o  be modif ied s l i g h t l y ,  t o  r e a d  now: e 

s i n  a s i n  JIo 

c o s  al 
HO 0 

H1 
+ - .  1 s i n  a s i n  Q 

c o s  a1 
1 a = -  2 

s i n  8 ,  + Po COS Qo 
+ (A1 - Ao) 

1 H1 c o s  a 

cos2 a. 

c o s  a1 
0 

H 1 

Y 
a = - s i n a  - 0  

0 
H1 

4 


